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Abstract. A partial solution of the quaternionic contact Yamabe problem on the quaternionic 
sphere is given. It is shown that the torsion of the Biquard connection vanishes exactly when 
the trace-free part of the horizontal Ricci tensor of the Biquard connection is zero and this oc- 
curs precisely on 3-Sasakian manifolds. All conformal deformations sending the standard fiat 
torsion-free quaternionic contact structure on the quaternionic Heisenberg group to a quaternionic 
contact structure with vanishing torsion of the Biquard connection are explicitly described. A 
'3-Hamiltonian form' of infinitesimal conformal automorphisms of quaternionic contact structures 
is presented. 
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1. Introduction 

The Ricmannian [LP] and CR Yamabc problems [JLl, JL2, JL3, JL4] have been a fruitful subject 
in geometry and analysis. Major steps in the solutions is the understanding of the conformally flat 
cases. A model for this setting is given by the corresponding spheres, or equivalently, the Heisenbcrg 
groups with, respectively, 0-dimensional and 1-dimensional centers. The equivalence is established 
through the Cayley transform [K], [CDKRl] and [CDKR2], which in the Riemannian case is the 
usual stereographic projection. 

In the present paper we consider the Yamabc problem on the quaternionic Heisenberg group (three 
dimensional center). This problem turns out to be equivalent to the quaternionic contact Yamabe 
problem on the unit (4n+3)-dimensional sphere in the quaternionic space due to the quaternionic 
Cayley transform, which is a conformal quaternionic contact transformation (sec the proof of The- 
orem 1.2). 

The central notion is the quaternionic contact structure (QC structure for short), [Biql, Biq2], 
which appears naturally as the conformal boundary at infinity of the quaternionic hyperbolic space, 
see also [P, GL, FG]. Namely, a QC structure (77, Q) on a (4n-|-3)-dimensional smooth manifold 
M is a codimension 3 distribution H, such that, at each point p G M the nilpotcnt Lie algebra 
Hp(B{TpM/ Hp) is isomorphic to the quaternionic Heisenberg algebra H™ /m H. This is equivalent 
to the existence of a 1-form rj = (771, 772, ?73) with values in R"^, such that, H = Ker rj and the three 
2-forms drji\^u are the fundamental 2-forms of a quaternionic structure Q on if. A special phenomena 
here, noted by Biquard [Biql], is that the 3-contact form 77 determines the quaternionic structure as 
well as the metric on the horizontal bundle in a unique way. Of crucial importance is the existence 
of a distinguished linear connection, see [Biql], preserving the QC structure and its Ricci tensor and 
scalar curvature Seal, defined in (3.34), and called correspondingly qc-Ricci tensor and qc-scalar 
curvature. The Biquard connection will play a role similar to the Tanaka- Webster connection [We] 
and [T] in the CR case. 

The quaternionic contact Yamabc problem, in the considered setting, is about the possibility of 
finding in the conformal class of a given QC structure one with constant qc-scalar curvature. 

The question reduces to the solvability of the Yamabe equation (5.8). As usual if we take the 
conformal factor in a suitable form the gradient terms in (5.8) can be removed and one obtains 
the more familiar form of the Yamabe equation. In fact, taking the conformal factor of the form 
77 = u^/("+^)?7 reduces (5.8) to the equation 

Lu = 4 Au — uScal = —u^ ~^ ScaL 

n+1 

where A is the horizontal sub-Laplacian, cf. (5.2), and Seal and Seal arc the qc-scalar curvatures 
correspondingly of {M, rj) and (M, fj), and 2* = ' ^^^^ Q = 4n+6. In the case of the quaternionic 
Heisenberg group, cf. Section 4.1, the equation is 

Lu ^ Y.i^^o.u + Xlu + Ylu + Zlu) = -^-—u^'-^S^l. 

Q — 1 ^ ^ 

This is also, up to a scaling, the Euler-Lagrange equation of the non-negative extremals in the 
FoUand-Stein embedding theorem [Fo] and [FSt], see [GVl] and [Va2]. On the other hand, on a 
compact quaternionic contact manifold M with a fixed conformal class [77] the Yamabe equation 
characterizes the non-negative extremals of the Yamabe functional defined by 

T(m) = / 4^^-t^ \Vu\^ + Seed dvg, [ u^' dvg = 1, u > 0. 

When the Yamabe constant A(M) A(A/, [rj\) = inf{T(w) : jj^^u^ dvg ~ 1, 7i > 0} is less than 
that of the sphere the existence of solutions can be constructed with the use of suitable coordinates 
see [W] and [.IL2]. 

The present paper can be considered as a contribution towards the soluiton of the Yamabe problem 
in the case when the Yamabe constant of the considered quaternionic contact manifold is equal to 
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the Yamabe constant of the unit sphere with its standard quaternionic contact structure, which 
is induced from the embedding in the quaternion [n + l)-dimensional space. It is also natural to 
conjecture that if the quaternionic contact structure is not locally equivalent to the standard sphere 
then the Yamabe constant is less than that of the sphere, see [JL4] for a proof in the CR case. The 
results of the present paper will be instrumental for the analysis of these and some other questions 
concerning the geometric analysis on quaternionic contact structures. 

In this article we provide a partial solution of the Yamabe problem on the quaternionic sphere 
with its standard contact quaternionic structure or, equivalcntly, the quaternionic Hciscnbcrg group. 
Note that according to [GV2] the extremals of the above variational problem arc C°° functions, so 
we will not consider regularity questions in this paper. Furthermore, according to [Val] or [Va2] 
the infimum is achieved, and the extremals are solutions of the Yamabe equation. Let us observe 
that [GV2] solves the same problem in a more general setting, but under the assumption that the 
solution is invariant under a certain group of rotation. If one is on the flat models, i.e., the groups 
of Iwasawa type [C'DKRl] the assumption in [GV2] is equivalent to the a-priori assumption that, up 
to a translation, the solution is radial with respect to the variables in the first layer. The proof goes 
on by using the moving plane method and showing that the solution is radial also in the variables 
from the center, after which a very non-trivial identity is used to determine all cylindrical solutions. 
In this paper the a-priori assumption is of a different nature, see further below, and the method has 
the potential of solving the general problem. 

The strategy, following the steps of [LP] and [JL3], is to solve the Yamabe problem on the 
quaternionic sphere by replacing the non-linear Yamabe equation by an appropriate geometrical 
system of equations which could be solved. 

Our first observation is that if the qc-Ricci tensor is trace-free (qc-Einstein condition) then the 
qc-scalar curvature is constant (Theorem 4.9). Studying conformal deformations of QC structures 
preserving the qc-Einstein condition, we describe explicitly all global functions on the quaternionic 
Heisenberg group sending conformally the standard flat QC structure to another qc-Einstein struc- 
ture. Our result here is the following Theorem. 

Theorem 1.1. Let Q = -^Q be a conformal deformation of the standard qc-structure on the 
quaternionic Heisenberg group G(IHI). If & is also qc-Einstein, then up to a left translation the 
function h is given by 

'[1 + + ^'(^' + + z^) , 

where c and v are positive constants. All functions h of this form have this property. 

The crucial observation reducing the Yamabe equation to the system preserving the qc-Einstein 
condition is Proposition 8.2 which asserts that, under some "extra" conditions, QC structure with 
constant qc-scalar curvature obtained by a conformal transformation of a qc-Einstein structure on 
compact manifold must be again qc-Einstein. The prove of this relics on detailed analysis of the 
Bianchi identities for the Biquard connection. Using the quaternionic Cayley transform combined 
with Theorem 1.1 lead to our second main result. 

Theorem 1.2. Let fj = j^^r] be a conformal deformation of the standard qc-structure fj on the 
quaternionic sphere S"*"^"^. Suppose 77 has constant qc-scalar curvature. 

a) If n > 1 then any one of the following two conditions 

i) the vertical space of rj is integrable, 

ii) the function i is the real part of an anti-CRF function, 
implies that up to a multiplicative constant rj is obtained from fj by a conformal quaternionic 
contact automorphism. 

b) If n ~ 1 and the vertical space of rj is integrable then up to a multiplicative constant rj is 
obtained from i) by a conformal quaternionic contact automorphism. 

The definition of conformal quaternionic contact automorpism can be found in Definition 7.6. The 
solutions (conformal factors) we find agree with those conjectured in [GVl]. It might be possible to 
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dispense of the "extra" assumption in Tlicorem 1.2. In a subsequent paper [IMV] we give such a 
proof for the seven dimensional sphere. 

Studying the geometry of the Biquard connection, our main geometrical tool towards understand- 
ing the geometry of the Yamabe equation, we show that the qc-Einstein condition is equivalent to 
the vanishing of the torsion of Biquard connection. Furthermore, in our third main result we give a 
local characterization of such spaces. 

Theorem 1.3. Let Q) be a QC manifold with non-zero qc scalar curvature Seal ^ 0. 

The next conditions are equivalent: 

a) {M^"^^ , g,Q) is qc-Einstein manifold; 

h) M is locally 3-Sasakian in the sense that locally there exists a S0(3)-matrix with smooth 

entries, such that, the local QC structure ( ^^geaT^^ ^ ' ''I'Q) 3-Sasakian; 
c ) The torsion of the Biquard connection is identically zero. 

In particular, a qc-Einstein manifold is Einstein manifold with positive Riemannian scalar curvature 
and if complete it is compact with finite fundamental group. 

In addition, in Theorem 7.11 we show that the above conditions are equivalent to the property 
that every Reeb vector field, defined in (2.5), is an infinitesimal generator of a conformal quatcrnionic 
contact automorphism, cf. Definition 7.7. 

In the paper we also develop useful tools necessary for the geometry and analysis on QC mani- 
folds. We define and study some special functions, which will be relevant in the geometric analysis 
on quatcrnionic contact and hypercomplex manifolds as well as properties of infinitesimal automor- 
phisms of QC structures. In particular, the considered anti-regular functions will be relevant in the 
study of qc-pseudo-Einstcin structures, cf. Definition 6.1. 

Organization of the paper: In the following two chapters we describe in details the notion of a 
quatcrnionic contact manifold, abbreviate sometimes to QC-manifold, and the Biquard connection, 
which is central to the paper. 

In Chapter 4 we write explicitly the Bianchi identities and derive a system of equations satisfied 
by the divergences of some important tensors. As a result we are able to show that qc-Einstein 
manifolds, i.e., manifolds for which the restriction to the horizontal space of the qc-Ricci tensor is 
proportional to the metric, have constant scalar curvature, see Theorem 4.9. The proof uses Theorem 
4.8 in which we derive a relation between the horizontal divergences of certain 5'p(n)S'p(l)-invariant 
tensors. By introducing an integrability condition on the horizontal bundle we define hyperhermitian 
contact structures, see Definition 4.14, and with the help of Theorem 4.8 we prove Theorem 1.3. 

Chapter 5 describes the conformal transformations preserving the qc-Einstein condition. Note 
that here a conformal quatcrnionic contact transformation between two quatcrnionic contact mani- 
fold is a diffeomorphism 4> which satisfies '^*ri = /i 5* • 77, for some positive smooth function /i and 
some matrix £ SO{?>) with smooth functions as entries and 77 = ?72, '73)* is considered as 
an element of 'E? . One defines in an obvious manner a point-wise conformal transformation. Let 
us note that the Biquard connection does not change under rotations as above, i.e., the Biquard 
connection of ^' • 77 and i] coincides. In particular, when studying conformal transformations we can 
consider only transformations with $*r/ — fi rj. We find all conformal transformations preserving 
the qc-Einstein condition on the quaternionis Heisenberg group or, equivalently, on the quatcrnionic 
sphere with their standard contact quatcrnionic structures proving Theorem 1.1. 

Chapter 6 concerns a special class of functions, which we call anti-regular, defined respectively on 
the quaternionic space, real hyper-surface in it, or on a quatcrnionic contact manifold, cf. Definitions 
6.6 and 6.15 as functions preserving the quatcrnionic structure. The anti-regular functions play a 
role somewhat similar to those played by the CR functions, but the analogy is not complete. The real 
parts of such functions will be also of interest in connection with conformal transformation preserving 
the qc-Einstein tensor and should be thought of as generalization of pluriharmonic functions. Let us 
stress explicitly that regular quaternionic functions have been studied extensively, see [S] and many 
subsequent papers, but they are not as relevant for the considered geometrical structures. Anti- 
regular functions on hyperkahlcr and quaternionic Kahler manifolds are studied in [CLl, CL2, LZ] 
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in a different context, namely in connection with minimal surfaces and quatcrnionic maps between 
quaternionic Kahler manifolds. The notion of hypercomplex contact structures will appear in this 
section again since on such manifolds the real part of anti-CRF functions, see (6.17) for the definition, 
have some interesting properties, cf. Theorem 6.20 

In Chapter 7 we study infinitesimal conformal automorphisms of QC structures (QC- vector fields) 
and show that they depend on three functions satisfying some differential conditions thus establishing 
a '3-hamiltonian' form of the QC- vector fields (Proposition 7.8). The formula becomes very simple 
expression on a 3-Sasakian manifolds (Corollary 7.9). We characterize the vanishing of the torsion 
of Biquard connection in terms of the existence of three vertical vector fields whose flow preserves 
the metric and the quaternionic structure. Among them, 3-Sasakian manifolds are exactly those 
admitting three transversal QC-vector fields (Theorem 7.11, Corollary 7.14). 

In the last section we complete the proof of our main result Theorem 1.2. 

Notation 1.4. a) Let us note explicitly, that in this paper for a one form 9 we use 

de{X,Y) = X9{Y) - Ye{X) - 9{[X,Y]). 

b) We shall denote with \7h the horizontal gradient of the function h, see (5.1), while dh means as 
usual the differential of the function h. 

c) The triple will denote a cyclic permutation o/{l,2,3}, unless it is explicitly stated oth- 
erwise. 

Acknowledgements S.Ivanov is a Senior Associate to the Abdus Salam ICTP. The paper was 
completed during the visit of S.I. in Max-Plank-Institut fiir Mathematik, Bonn. S.I. thanks ICTP 
and MPIM, Bonn for providing the support and an excellent research environment. I.Minchev is 
a member of the Junior Research Group "Special Geometries in Mathematical Physics" founded 
by the Volkswagen Foundation" The authors would like to thank The National Academies for the 
support. It is a pleasure to acknowledge the role of Centre de Recherches Mathematiques and 
CIRGET, Montreal where the project initiated. The authors also would like to thank University of 
California, Riverside and University of Sofia for hosting the respective visits of the authors. 

2. Quaternionic contact structures and the Biquard connection 

The notion of Quaternionic Contact Structure has been introduced by O. Biquard in [Biql] and 
[Biq2]. Namely, a quaternionic contact structure (QC structure for short) on a (4n-|-3)-dimensional 
smooth manifold M is a codimension 3 distribution H , such that, at each point p € M the nilpotcnt 
step two Lie algebra Hp®{TpM / Hp) is isomorphic to the quaternionic Heisenberg algebra H"© Im H. 
The quaternionic Heisenberg algebra structure on H" © Im H is obtained by the identification of 
H" © Im HI with the algebra of the left invariant vector fields on the quaternionic Heisenberg group, 
see Section 5.2. In particular, the Lie bracket is given by the formula [{qo, Wo), {q, lo)] ~ 2 Im qo ■ q, 
where g= (gS g^ . . . , g"), qo = {ql,ql, ■ ■ ■ ,qo) & H" and w, uJo G ImM with qo-q = ELiC -9^, 
see Section 6.1.1 for notations concerning H. It is important to observe that if M has a quaternionic 
contact structure as above then the definition implies that the distribution H and its commutators 
generate the tangent space at every point. 

The following is another, more explicit, definition of a quaternionic contact structure. 

Definition 2.1. [liiijl] A quaternionic contact structure ('QC-structurej on a An + 3 dimensional 
manifold M, n > 1, is the data of a codimension three distribution H on M equipped with a 
CSp(n)Sp(l) structure, i.e., we have 
i) a fixed conformal class [g] of metrics on H ; 

ii) a 2-sphere bundle Q over M of almost complex structures, such that, locally we have Q — {ali + 
bl2+cl3 : a'^+b'^+c'^ = 1}, where the almost complex structures Is : H —y H, Ig ~ —1, s = 
1, 2, 3, satisfy the commutation relations of the imaginary quaternions /1/2 = —I2I1 ~ I3; 
Hi) H is locally the kernel of a 1-form rj ~ (771, 772, '73) with values in M.^ and the following compati- 
bility condition holds 

(2.1) 2g{IsX,Y) = drjs{X,Y), s = l,2,3, X,Y e H. 
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A manifold M with a structure as above will be called also quaternionic contact manifold (QC 
manifold) and denoted by (M, [g],Q). We note that if in some local chart fj is another form, with 
corresponding g g [g\ and almost complex structures L,, s = 1,2,3, then 77 = fj,"^ rj for some 
5* e SO{3) and a positive function /i Typical examples of manifolds with QC-structures are totally 
umbilical hypersurfaces in quaternionic Kahler or hyperkahlcr manifold, see Proposition 6.12 for the 
latter. 

It is instructive to consider the case when there is a globally defined one-form r/. The obstruction 
to the global existence of ry is encoded in the first Pontrjagin class [AK]. Besides clarifying the notion 
of a QC-manifold, most of the time, for example when considering the Yamabe equation, we shall 
work with a QC-structure for which we have a fixed globally defined contact form. In this case, 
if we rotate the R'^-valued contact form and the almost complex structures by the same rotation 
we obtain again a contact form, almost complex structures and a metric (the latter is unchanged) 
satisfying the above conditions. On the other hand, it is important to observe that given a contact 
form the almost complex structures and the horizontal metric are unique if they exist. Finally, if 
we are given the horizontal bundle and a metric on it, there exists at most one sphere of associated 
contact forms with a corresponding sphere Q of almost complex structures [Bicjl]. 

Besides the non-uniqueness due to the action of 5*0(3), the 1-form rj can be changed by a conformal 
factor, in the sense that if 77 is a form for which we can find associated almost complex structures 
and metric g as above, then for any 5* G 5*0(3) and a positive function /i, the form fi^^rj also has 
an associated complex structures and metric. In particular, when /i = 1 we obtain a whole unit 
sphere of contact forms, and we shall denote, as already mentioned, by Q the corresponding sphere 
bundle of associated triples of almost complex structures. With the above consideration in mind we 
introduce the following notation. 

Notation 2.2. We shall denote with (M,r]) a QC-manifold with a fixed globally defined contact 
form. (M, (7,(Q) will denote a QC-manifold with a fixed metric g and a sphere bundle of almost 
complex structures Q. In this case we have in fact a Sp{n)Sp{l) structure, i.e., we are working with 
a fixed metric on the horizontal space. Correspondingly, we shall denote with 77 any (locally defined) 
associated contact form. 

We recall the definition of the Lie groups Spin), Sp{l) and Sp{n)Sp{l). Let us identify H" = M**" 
and let H acts on H" by right multiplications, X{q){W) = W -q"^ . This defines a homomorphism A : 
{unit quaternions} — > 50(4n) with the convention that 50(4??) acts on M^" on the left. The image 
is the Lie group Sp{l). Let \{i) = Io,X{j) = Jo,X{k) = Kq. The Lie algebra of 5*^(1) is sp(l) = 
span{Io, Jo, A'o}. The group Sp{n) is Sp{n) = {O G SO{An) : OB = BO for ah B e Sp{l)} or 
Sp{n) = {O e M„(H) : 00* = /}, and O e Sp{n) acts by (g^, . . . , g")* ^ O {q^ , , . . . , q'^Y . 
Denote by Sp{n)Sp{l) the product of the two groups in 5'0(4n). Abstractly, Sp{n)Sp{l) = {Sp{n) x 
Sp{l))/Z2. The Lie algebra of the group Sp{n)Sp{l) is sp{n) © sp(l). 

Any endomorphism ^' of can be decomposed with respect to the quaternionic structure (Q, g) 
uniquely into four 5p(7i)-invariant parts 4" = vl/+++-(-\l>H ^ where v]/+++ commutes 

with all three li, commutes with Ii and anti-commutcs with the others two and etc. Explicitly, 

41f +++ = - /i^-Zi - /2*/2 - /sf/s, 4^'+"" = f - /if/i + /2*/2 + h'ifh, 
4^- + - =\S + /i*/! - /2*/2 + /3*/3, 4^* + = * + + /2*/2 - h'^h- 

The two 5p(n)5p(l)-invariant components are given by 

(2.2) *[3] = *+++, ^-f^i] = + 1'"+" + 

Denoting the corresponding (0,2) tensor via g by the same letter one sees that the Sp{n)Sp{l)- 
invariant components are the projections on the cigenspaces of the Casimir operator 

(2.3) t = h®h + l2®h + h®h 

corresponding, respectively, to the eigenvalues 3 and —1, see [CSal]. If n = 1 then the space of 
symmetric endomorphisms commuting with all Ii, i = 1, 2, 3 is 1-dimensional, i.e. the [3]-component 
of any symmetric endomorphism ^' on i? is proportional to the identity, ^'3 = '-^Id^jj. 
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There exists a canonical connection compatible with a given quaternionic contact structure. This 
connection was discovered by O. Biquard [Biql] when the dimension (4n+3) > 7 and by D. Duchcmin 
[D] in the 7-dimcnsional case. The next result due to O. Biquard is crucial in the quaternionic contact 
geometry. 

Theorem 2.3. [Biql] Let (M,g,Q) be a quaternionie eontact manifold of dimension 4n + 3 > 7 
and a fixed metric g on H in the conformal class [g] . Then there exists a unique connection V with 
torsion T on M^"+^ and a unique supplementary subspace V to H in TM , such that: 

V preserves the decomposition H (BV and the metric g; 
a) forX,Ye H, one has T{X,Y) = -[X,r]|y; 

Hi) V preserves the Sp{n)Sp{\)- structure on H , i.e., Vg = and VQ C Q; 
iv) for ^ € y, the endomorphism T(^, .)\fi of H lies in {sp{n) © sp{l))-^ C so(4n); 
v) the connection on V is induced by the natural identification (p of V with the subspace sp{l) of 
the endomorphisms of H , i.e. \7(p = 0. 

In (iv) the inner product on End(H) is given by 

(2.4) g{A, B) = tr{B*A) - ^ g(^(e„), i?(e,)), 

a=l 

where A, B Cz End{H), {ei, e4„} is some g-orthonormal basis of H . 

We shall call the above connection the Biquard connection. Biquard [Biql] also described the 
supplementary subspace V explicitly, namely, locally V is generated by vector fields {Ci 1^2,^3}, 
such that 

{£,s^drik)\H = -(S,k^di]s)\H, s, k e {1, 2, 3}. 

The vector fields ^1,^2,^3 are called Reeb vector fields or fundamental vector fields. 

If the dimension of M is seven, the conditions (2.5) do not always hold. Duchemin shows in [D] 
that if we assume, in addition, the existence of Reeb vector fields as in (2.5), then Theorem 2.3 holds. 
Henceforth, by a QC structure in dimension 7 we shall always mean a QC structure satisfying (2.5). 

Notice that equations (2.5) are invariant under the natural 5*0(3) action. Using the Reeb vector 
fields we extend g to a metric on M by span{^i, ^2, Cs} = V J- H and g{^s,£,k) = Ssk- 
The extended metric does not depend on the action of SO{3) on V, but it changes in an obvious 
manner if rj is multiplied by a conformal factor. Clearly, the Biquard connection preserves the 
extended metric on TM, Vg = 0. We shall also extend the quternionic structure by setting Ig\v = 0. 

Suppose the Reeb vector fields {^i, 1^25^3} have been fixed. The restriction of the torsion of the 
Biquard connection to the vertical space V satisfies [Biql] 

(2.6) m.,i,) = Kk-[^^,iA\H, 

where A is a smooth function on M . Let us recall that here and further in the paper the indices follow 
the convention 1.4. Further properties of the Biquard connection are encoded in the properties of 
the torsion endomorphism = r(^, .) : H H, £ V . Decomposing the endomorphism 
T^ G {sp{n) + sp{\))^ into symmetric part T^ and skew-symmetric part = + b^, we 

summarize the description of the torsion due to O. Biquard in the following Proposition. 

Proposition 2.4. [Biql] The torsion T^ is completely trace-free, 

in in 

(2.7) trT^^Y.9{TM,ea)^0, trT^o I ^Y.g{T^{ea),Iea) ^ 0, leQ, 

a—l a—1 

where e\ . . . e4„ is an orthonormal basis of H . 

The symmetric part of the torsion has the properties: 

(2.8) Tlh = -I,Tl, i = l,2,3; 

(2.9) h{Tl)+- ^h{Tl)-+-, h{Tl)-+- ^h{Tl)-+, h{Tl)-+ ^h{Tl)+-. 
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The skew- symmetric part can be represented in the following way 
(2.10) h^^^I^u, i==l,2,3, 

where u is a traceless symmetric (l,l)-tensor on H which commutes with /i,/2,/3. 

If n ~ 1 then the tensor u vanishes identically, u = and the torsion is a symmetric tensor, 
= T|. 

3. The torsion and curvature of the Biquard connection 

Let (M'^"'^^ , g,Q) be a quaternionic contact structure on a 4n + 3-dimcnsional smooth manifold. 
Working in a local chart, we fix the vertical space V = span{^i, ^2,^.3} by requiring the conditions 
(2.5). The fundamental 2-forms w,;, i = 1, 2, 3 of the quaternionic structure Q are defined by 

(3.1) 2lj^h = d7jr\H, = 0, ^eV. 
Define three 2-forms 6i,i = 1,2,3 by the formulas 

(3.2) 9, = Ud{{i,^dr^k)iJ + (^.^dr?,) A {^^^dr^k)}l^ 



{d{^jjdrik) + i^i-idrij) A {^ijdr]i,)}\„ - dr]kiCj,Ck)(^k + drik{^i,^j)uj^ 



Define, further, the corresponding (1, 1) tensors Aj by g{A.i{X),Y) = 6i{X,Y),X,Y e H. 
3.1. The torsion. Due to (3.1), the torsion restricted to H has the form 



3 



□ 



(3.3) T{XX)^-[X,Y]iv^2j2^s{X,Y)^s, X,Y e H. 
The next two Lemmas provide some useful technical facts. 

Lemma 3.1. Let D be any differentiation of the tensor algebra of H . Then we have 

D{h)h = -hD{Ii), i = l,2,3, 
hD{h)-+- = l2D{h)+-~, hD{h)-+- = hD{h)+--, hD{hr+- = l2D{h)+- 
Proof. The proof is a straightforward consequence of the next identities 

= l2{D{h) - l2D{h)l2) + h{D{l2) - hD{l2)h) = l2D{h)-+- + hD{l2)+—, 
= Di-Idv) - D{IJ,) = Dih)h + hD{h). 

With £ denoting the Lie derivative, we set £<' = iL|^ . 
Lemma 3.2. The following identities hold true. 

(3.4) a'^ji = -2r^Vi + ^^^n(a,6)/2 + rfr,i(a,6U3, 

(3.5) %/2 = -2Tl''^l2~2hu + din{^2Xi)h 

+ \ {dm (6 , 6 ) - ^^72 (6 , 6 ) - (fi , 6 ) )^3 

(3.6) 4^/1 = -2r°""+/i+2/37i + d772(6,6)/2 

where the symmetric endomorphism u on H, commuting with /i,/2,/3, is defined by 

(3.7) 2u = I3{{L'^J2)—+) + ^(rf^i(6,6) - rf^2(6,a) - rf^3(ei,6))WH 

In addition, we have six more identities, which can be obtained with a cyclic permutation of (1,2,3). 
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Proof. For all fc, ^ 1, 2, 3 we have 

(3.8) Si^,u;i{X,Y)^i:^,g{IiX,Y)+g{{Z^Ji)X,Y) 
Cartan's formula yields 

(3.9) 'C'jfc^/ = ^kAd^i) + di^k-ii^i)- 
A direct calculation using (3.1) gives 

3 

(3.10) 2oji = (djyOiH =dvi-Yl ^ (Cs^c^??;) + dr]i{£,„^t)Vs A ijt- 

s=l l<s<t<3 

Combining (3.10) and (3.9) we obtain, after a short calculation, the following identities 

(3.11) {L^^UJl)lH = (d??i(Ci,6)^^2 + d?7i (6:6)^^3 )|H 

(3.12) 2(i:^,wj)|^ = {d{^^_ldl]j) - i£,^-^dl^k) A (6-i*7i))|H, 

where i ^ j ^ k ^ i, i,j,ke {1,2,3}. Clearly, (3.11) and (3.8) imply (3.4). 

Furthermore, using (2.5) and (3.12) twice for i = 1, j = 2 and i = 2,j = 1, we find 

(3.13) (£^iCJ2 + £52^1)1^ = ^{d{£,ijdj]2) + d{£^2^d-qi))\H 

= *n(6,6)'^i + *72(6,6)'^2 + (d?7i(6,6) + f^?72(Ci,6))w3. 

On the other hand, (3.8) implies 

(3.14) 2TII2 + %/2 + 2Tl_h + i^^Ji 

= di]i{£^2,S.i)h + dr^2{£,i,S.2)h + (c^?7i(6i6) + ^^^72(^1, 6)) ^a- 
Let us decompose (3.14) into S'p(n)-invariant components: 

(3.15) (£5^/2)+— = -2Tl—+l2 + din{^2.ii)h, {^'^Jir+- = -2T0 +d?72 (6,6)^2, 

(3.16) (%/2+%/i)""^ = (dr,i(C2,6) + d^2(6,6))/3. 
Using (3.16) and (3.7), we obtain 

2u = -/3((i:;^/i)— +) + ^(-rfr,i(e2,6) +^772(6,^1) - d??3(ei,6))Wff. 

The latter, together with (3.7), tells us that u commutes with all / e Q. Now, Lemma 3.1 with 
D ~ £j imphes (3.5) and (3.6). 

The vanishing of the symmetric part of the left hand side in (3.8) for k = 1, 1 = 2, combined 
with (3.18) and (3.5) yields = ~2g{l3uX,Y) - 2g{huY,X). As it commutes with all / G Q we 
conclude that u is symmetric. 

The rest of the identities can be obtained through a cyclic permutation of (1,2,3). □ 

We describe the properties of the quaternionic contact torsion more precisely in the next Propo- 
sition. 

Proposition 3.3. The torsion of the Biquard connection satisfies the identities: 

(3.17) T^^=Tl+I,u, i = 1,2,3, 

(3.18) Tl = h^,g, i = 1,2.3, 

tviu] 

(3.19) u = u -H-IdH, 

An 
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where the symmetric endomorphism u on H commuting with Ii, I2, 13 satisfies 

u = \hAt— + |(-d77i(6,6) + rf??2(6,Ci) + rf?/3(a,6))WH 

(3.20) = \hA^+- + 1(^,71(^2,6) - d^?2(6,Ci) + d^3(ei,6))WH 

= \hA^-+ + l(*n(6,6) + ^^72(6, 6) - ^773(6, 6)) Wh. 

For n = \ the tensor u = Q and u ~ ^^^^Mh- 

Proof. Expressing the Lie derivative in terms of the Biquard conneetion, using that V preserves the 
splitting H (BV, we see that for X,Y G H wc have 

L^,g{X, Y) = g{VxU,Y) + 5(Vy6, ^) + .g(T«.X, Y) + g{T^Y, X) = 2g(r°X, Y). 

To show that u satisfies (3.20), insert (3.12) into (3.2) to get 

(3.21) 6*3 = {iic^uj2)\H - dri2{^i, £,2)1^3 + dT]2{£,3,£,i)uJ3- 
A substitution of (3.8) and (3.5) in (3.21) gives 

(3.22) .43 = 2T0"+"/2-2/3?i 

+ drii{£2,£i)Ii - ^72(6,6)^2 + l(d?7i(6,6) +d?72(6,Ci) - f^%(6,6))^3- 

Now, by comparing the (+++) component on both sides of (3.22) we see the last equality of (3.20). 
The rest of the identities can be obtained with a cyclic permutation of (1,2,3). 

Turning to the rest of the identities, let and denote, respectively, the subspaces of symmetric 
and skew-symmetric endomorphisms of H. Let skew : End{H) —* A^ be the natural projection with 
kernel E^. We have 

4[7cJ(s20sp(n))^ = 3s/cew(r5J + Iiskew{T^JIi + l2skew{T^^)l2 + l3skew{T^.)l3 

3 

= ^(s/cew(T5J + Isskew{T^^)Is)- 

s=l 

According to Theorem 2.3, T^X e H for X e H, £ e V . Hence, 

(3.23) T(e, A) ^ VjA ~ [e, A]h = V^A - £;(A). 
An application of (3.23) gives 

3 

(3.24) g{m,h^<sspin))-XX) = -Y.g{i^^Js)X,IsY) 

s=l 

1 ^ 

+ 2 E {9{{^uW^ IsY) - 5((%/.)i^, IsX)}. 

s=l 

Let B{H) be the orthogonal complement of © sp{n) © sp(\) in End(_H'). Obviously, B{H) C A^ 
and we have the following splitting of End(i/ ) into mutually orthogonal components 

(3.25) End(i7) = sp{n) © spil) © B{H). 

If ^ is an arbitrary section of the bundle A^ of M , the orthogonal projection of ^ into B{H) is 
given by = '^^ + ^ + * ^ ^ [*]sp(i)7 where [^']sp(i) is the orthogonal projection 

of 5" onto sp{l). We have also [^']sp(i) = 4^ Yll=i Y^tLi gi'^Sa, Isea)Is- 
Theorem 2.3 - (iv) and the splitting (3.25) yield 

(3.26) r^. = [TcJ(sp(n)ffisp(i))-L = [7cJs2 + [T^i]B{H) = + [7>J(s2esp(n))^ ~ [^?i]sp(i)- 
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Using (3.24), Lemma 3.2 and the fact that /s(V^./s) G sp{l), we compute 

3 



(3.27) 



'^skew{2IsTlls) +Au = iu. 



Inserting (3.27) in (3.26) completes the proof. □ 

The S'p(n)-invariant sphtting of (3.22) leads to the following Corollary. 
Corollary 3.4. The (l,l)-tensors Ai satisfy the equalities 

A+++ = 2Tl-^-h, A+— = rf?yi(6,Ci)/i, ^3"+" = -dm{^i,i2)h, 

= -2/3S+i(dr?i(C2,e3) + d^?2(e3,ei)-d^?3(ei,6))/3. 

Analogous formulas for Ai and A2 can he obtained by a cyclic permutation of (1, 2, 3). 

Proposition 3.5. The covariant derivative of the quaternionic contact structure with respect to the 
Biquard connection is given by 

(3.28) V/, + afc(8)/j, 
where the sp{\)- connection 1- forms as are determined by 

(3.29) a,(X)=d77,.(e„X) = -dr,j(&,X), X ^ H, 

(3.30) a,(C.) = dlls{i,,^k)-5^s + \ (dr,i(6,6) + rf%(6,ei) + rf%(^i,6))) , s = 1,2,3. 

Proof. The equality (3.29) is proved by Biquard in [Biql]. Using (3.23), we obtain 

V^, /, = [Tl ,h]+u[Is, h] + a'^^ h ■ 

An application of Lemma 3.2 completes the proof. □ 

Corollary 3.6. The covariant derivative of the distribution V is given by 

We finish this section by expressing the Biquard connection in terms of the Levi-Civita connection 
of the metric g, namely, we have 

3 

(3.31) VbY ^Dl,Y + Y,{{{Dl,7^s)Y% + Vs{B)iIsU-h)Y}, BeTM, Y e H. 

s=l 

Indeed, tor B ^ X e H formula (3.31) follows from the equation WxY = [D'^^Y]h. li B e V we 
may assume B — and for Z £ H we compute 

2g{DlY, Z) = £,^g{Y, Z) + .9(^1, ^1, Z) - g{[^i,Z],Y) - g{[Y, Z], ^i) - 

= (iLe, g) (r, Z) + 25( [Ci , r] , Z) + d7yi {Y,Z) = 2gm, Y+[Ci,Y],Z) 
- 2g{huY, Z) + 2g{hY, Z) = 2g{V^,Y, Z) ~ 2g[{hu - h)Y, Z). 

In the above calculation we used (3.23) and Proposition 3.3. 

Note that the covariant derivatives Vs^s are also determined by (3.31) in view of the relation 

5(Vi3e.,a) = 4^3(^5/., 4), = 1,2,3 
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3.2. The Curvature Tensor. Let R = [V,V] ^ V[ _ j be the curvature tensor of V. For any 
B,C G T{TM) the curvature operator Rbc preserves the QC structure on M since V preserves it. 
In particular Rbc preserves the distributions H and V, the quaternionic structure Q on H and the 
(2, 1) tensor ip. Moreover, the action of Rbc on V is completely determined by its action on H, 
RbcCi = <^^^([i?BCj * = 1; 2, 3. Thus, we may regard Rbc as an endomorphism of H and we 
have Rbc G sp{n) sp{l). 



Definition 3.7. The Ricci 2-forms pi are defined by 

in 

An 



^ in 

p,{B, C)^—Y, 9{R{B, C)e„ hea), B,C e T{TM). 



a=l 

Hereafter {ei, . . . ,e4„} will denote an orthonornial basis of H. Wc decompose the curvature into 
sp{n) © sp(l)-parts. Let R%(j S sp{n) denote the sp(n)-componcnt. 

Lemma 3.8. The curvature of the Biquard connection decomposes as follows 

Rbc = R%c + Pi{B, C)h + P2{B, C)l2 + PaiB, C)h. 

(3.32) [i?BC,/,:] =2(-p,(B,C)/fe+pfc(B,C)/,), B,C gT{TM), 

(3.33) Pi = ]^{dai + Qfj A afc), 
where the connection 1-forms as are determined in (3.29), (3.30). 

Proof. The first two identities follow directly from the definitions. Using (3.28), we calculate 

[RBch] - VB(a3(C)/2 - a2(C)/3) - Vc(«3(S)/2 - a2{B)h) - (a3([S, C])l2 - a2{[B, C])h) 
= -{da2 + as A ai){B, C)h + {daa + ai A a2)(S, C)/2. 

Now (3.32) completes the proof. □ 

Definition 3.9. The quaternionic contact Ricci tensor ( qc-Ricci tensor for short) and the qc-scalar 
curvature Seal of the Biquard connection are defined by 

in in 

(3.34) Rtc{B,C)^J29iRi^a,B)C,ea), Seal = Y,Ric{ea,ea). 

It is known, cf. [Biql], that the qc-Ricci tensor restricted to H is symmetric. In addition, we define 
six Ricci- type tensors C,ii^i-> i = 1, 2, 3 as follows 

^ 4n ^ 4n 

(3.35) UB,C) ^—Y,g{R{ea,B)C,hea). n{B,C) = — Y,g{R{ea,hea)B,C). 

a—1 a—1 

Wc shall show that all Ricci-typc contractions evaluated on the horizontal space H arc determined 
by the components of the torsion. First, define the following 2-tcnsors on H 

(3.36) T^XX)"^ 9{{Tlli+Tll2+Tlh)X,Y), UiX.Y)"^ g{uX,Y). X,Y e H. 

Lemma 3.10. The tensors T'^ and U are Sp{n) Sp{l) -invariant trace-free symmetric tensors with 
the properties: 

(3.37) T°(X, Y) + T°{hX, hY) + T^ihX, hY) + T^ihX, hY) = 0, 

(3.38) 3U{X, Y) - U{hX, hY) - UihX, hY) - UihX, hY) = 0. 

Proof. The lemma follows directly from (2.8), (2.10) of Proposition 2.4. □ 
Wc turn to a Lemma, which shall be used later. 
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Lemma 3.11. For any X,Y e H, B e H ®V , we have 

(3.39) mc{BJ,Y)+AnUB,Y) = 2p,{B,hY) - 2pk{B,I,Y), 

1 1 2n — 1 

(3.40) aX.Y) = --p^{X,Y) + —g{huX,Y) + ^^g{TlX,Y) 

+ i9{hTlX^Y)-lgiI,TlX,Y). 

The Ricci 2-forms evaluated on H satisfy 

Pi{X,Y) = 2g{Tl"+hX,Y)^2g{huX,Y) 

(3.41) P2iX,Y) = 2g{T^+—hX,Y) -2g{huX,Y) 
P3iX,Y) = 2g{Tl-+-l2X,Y) - 2gihuX,Y) 

The 2-forms Ts evaluated on H satisfy 

tAX,Y) = p,{X,Y) + 2g{huX,Y) + -g{T^--+hX,Y), 

(3.42) T2{X,Y) = p2{X,Y) + 2gihX,Y) + -g{Tl+—hX,Y), 

r^iX, Y) = p3{X, Y) + 2g{hX, Y) + -g{T?;+-hX, Y). 

For n = 1 the above formulas hold with J7 = 0. 
Proof. From (3.32) we have 

in 

Ric{B,hY) + 4nCi(B,y) = ^{i?(e„, B, /iF, e„) + i?(ea, S, y, /le^)} 

a=l 

in 

= ^{-2p2(ea,S)cc>3(r,ea) + 2ps{ea,B)u;2{Y,ea))} = 2^2(5,73^) - 2p3{B,l2Y), 

a=l 

Use (3.2) and (3.33) to get p,{X,Y) ^ Ai{X,Y)-^a,{[X,Y]v) = A,{X,Y) + Y:l^^^,,iX,Y)a,{Q. 
Now, Corollary 3.4 and Corollary 3.5 imply the first equality in (3.41). The other two equalities in 
(3.41) can be obtained in the same manner. 

Letting b{X,Y,Z,W) = 2ax,Y,z{T,ti^iiX^Y)gm^Z,W)}, where <yx,Y,z is the cychc sum 
over X, y, Z, we have 

4n 

(3.43) ^&(^,y,ea,/iea) = \g{huX,Y) + %g{hTl-^+~ X,Y), 

in 

(3.44) ^6(ea,/ie„X,r) = (8n - 4)5(T|'^X, F) + (8n + 4)g(/i7/X, F) 

+ 45(T0 /gX, Y) - 45(T° Y). 

The first Bianchi identity gives 

(3.45) 4n(ri(X,y) + 2Ci(X,y)) = 

^{i?(ea, /lea, X, Y) + i?(X, e,, he^^Y) + i?(/ie„, X, e,, Y)} = ^ 6(6,, Jie,, X, Y), 



-'^u,iX,Yl 
n 

-^.2(x,r), 

n 

-^.3(x,r). 
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4n 



(3.46) 4n(ri(X, Y) - p^{X, Y)) = ^{i?(ea, /ie„, X, Y) - R{X, Y, e,, /lej} 

a=l 

^ in 
a=l 

Consequently, (3.43), (3.44), (3.45) and (3.46) yield the first set of equalities in (3.42) and (3.40). 
The other equalities in (3.42) and (3.40) can be shown similarly. □ 

Theorem 3.12. Let (M*""^'^, gr, Q) be a quaternionic contact {An + 3) -dimensional manifold, n > 1. 
For any X,Y ^ H the qc-Ricci tensor and the qc-scalar curvature satisfy 

Rtc{X,Y) = (2n + 2)r"(X,r) + (4n + 10){/(X,r) + (2n + 4)^5(X,y) 

(3.47) n 

Seal = {8n + 16)tr{ii). 
For n = l, Ric{X,Y) = AT°{X,Y) + 6i^giX,Y). 

Proof The proof follows from Lemma 3.11, (3.40), (3.41) and (3.39). If n = 1, recaU that [/ = to 
obtain the last equality. □ 

Corollary 3.13. The qc-scalar curvature satisfies the equalities 

g ^ 4n 4n 4n 

= ^Pi{Itea,ea) = ^Tj(/jeQ,ea) = -2^Ci{Iiea,ea), i = 1,2,3. 

' a=l a=l a=l 

We determine the unknown function A in (2.6) in the next Corollary. 
Corollary 3.14. The torsion of the Biquard connection restricted to V satisfies the equality 

(3.48) T(C.,^,) = -^-^a-K.O].. 
Proof. A small calculation using Corollary 3.6 and Proposition 3.5, gives 

fv ill I 

Now, the assertion follows from the second equality in (3.47). □ 
Corollary 3.15. The tensors T^,U,u do not depend on the choice of the local basis. 

4. QC-ElNSTEIN QUATERNIONIC CONTACT STRUCTURES 

The aim of this section is to show that the vanishing of the torsion of the quaternionic contact 
structure implies that the qc-scalar curvature is constant and to prove our classification Theorem 1.3. 
The Bianchi identities will have an important role in the analysis. 

Definition 4.1. A quaternionic contact structure is qc-Einstein if the qc-Ricci tensor is trace-free, 

Rtc{X, Y) - -^9{X, Y), X,YeH. 
An 

Proposition 4.2. A quaternionic contact manifold (M, g,Q) is a qc-Einstein if and only if the 
quaternionic contact torsion vanishes identically, = 0,^ G 

Proof. If {t],Q) is qc-Einstein structure then = U = because of (3.47). We will use the same 
symbol for the corresponding endomorphism of the 2-tensor T^ on H. According to (3.36), we 
have T° = T^Ji -\- T^j2 + T^Js- Using first (2.8) and then (2.9), we compute 

(4.1) (r°)+"" = K)—+l2 + {Tl)-+-h = 2{T^J—+h. 

Hence, T^^ = + hu vanishes. Similarly T^^ = T^^ = 0. The converse follows from (3.47). □ 
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(4.6) P^{£.^,W + Pk{^k,^,) = ^^—^^jiScal). 



Proposition 4.3. For X (z V and any cyclic permutation k) of (1, 2, 3) we have 

(4.2) p,;(x,eO = -^|^^ + ^(^.(K,,a],^)-^,(Kfc,6],^)-^fe(K.,C,],^)), 

(4.3) p,(X,e,)=C^,([0,6],^), p^{X,^k)=^k{[^J,^khX), 

(4.4) P^{IkX,(,) = -p,{I,X,^k) - g(r(e„a),/.X) - u;,{[^,,^k],X). 

Proof. Since V preserves the splitting H (S)V, the first Bianchi identity, (3.48) and (3.32) imply 

(4.5) 2p,iX,^,) + 2p,{X,^j) = g{R{X,^,)C,,^k) + g{R{^j,X)^,,^k) 

- 'T^.,?„A-{5((Ve,r)(e„x),6) + 5(nne«,^.-),^),a)} 

= ,9((Vxr)(6,C,),Cfc)+.9(T(T(6,e.),^),6)= -^||^-2c.,(K.,^,],X). 
Summing up the first two equalities in (4.5) and subtracting the third one, we obtain (4.2). Similarly, 
2pk (e, , X) = 5(i?(0 , X)C. , ) = '^C. ,x {3( (V^, T) (^, , X) , ) + .9(r(T(e, , ) , ^) , )} 

= ginm, e,), X), e,) = g(r(-[e., ^.u, x), = ^([fe, ^,]h,x],Cj) 

= -dv,m.^,]H,X) = ~2c.,([C.,e,],^). 

Hence, the second equality in (4.3) follows. Analogous calculations show the validity of the first 
equality in (4.3). Then, (4.4) is a consequence of (4.3) and (3.48). □ 

The vertical derivative of the qc-scalar curvature is determined in the next Proposition. 

Proposition 4.4. On a QC manifold we have 

1 

87i(n + 2)" 

Proof. Since V preserves the splitting H (S)V, the first Bianchi identity and (3.48) imply 

- (p. (e. , ) + Pk (6 , ) ) = .9 (^c. {i?(6 , ^j)^k } , ) 

= <?('^C.^,e.{(V5.T)(^„a-) +T(T(e.,^,),a)},0) = - g^J^^^ e.X^caO 

□ 

4.1. The Bianchi identities. In order to derive the essential information contained in the Bianchi 
identities we need the next Lemma, which is an application of a standard result in differential 
geometry. 

Lemma 4.5. In a neighborhood of any point p g and an Q-orthonormal basis 

{Xi(j)),X2{p) = IiXi{p) . . . ,X4nip) = hXin-z{p),^i{p),^2{p),^z{p)} of the tangential space at p 
there exists a Q - orthonormal frame field 

{Xi,X2 = hXi, . . .,Xin = hXin-i„ii,i2-,£.?,}-,Xa^p = Xa{p),is^p = is{p) , a = 1, . . . , 4n, i = 1, 2, 3, 
such that the connection 1-forms of the Biquard connection are all zero at the point p: 

(4.7) (Vx„^6)|P - (V4.X6)|p = {VxM)\P = {'^Us)\P = 0, 

for a, 6 = 1, ... , 4ri,, s,t,r ~ 1, 2, 3. In particular, 

{{\7xJs)Xb)lP = ((Vx„/.)6)|P = ii^iJs)X,)^p ^ {{WiJs)Cr)lP = 0. 

Proof. Since V preserves the splitting H (SV we can apply the standard arguments for the existence 
of a normal frame with respect to a metric connection (see e.g. [^^ u]). We sketch the proof for 
completeness. 

Let {Xi, . . . , X^ni ^ly C21 ^3} be a Q-orthonormal basis around p such that Xa^p = Xa{p), S,i^p = 

^i{p). We want to find a modified frame Xa = o'^Xf,, = oj^j, which satisfies the normality 
conditions of the lemma. 
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Let w be the sp{n) © sp(l)-valued connection 1-forms with respect to {Xi, . . . , ^4n, ^i, ■^2, Cs}; 
VXb^w^Xc, V^s=tu*^t, B e {Xi, . . . ,X4n,£.l,^2,£.3}■ 
Let {x^, . . . , x^""'"'^} be a coordinate system around p such that 

d d 
Q^iP)-X,iP)^ q^M=Up), a = l,...,4n, t = l,2,3. 

One can easily check that the matrices 

o\ = ea;p ( - ^ ^li — ^^x'^X G Sp{n), ol = exp ( - ^ wl{—)\pX^\ e Sp{l) 

are the desired matrices making the identities (4.7) true. 

Now, the last identity in the lemma is a consequence of the fact that the choice of the orthonor- 
mal basis of V does not depend on the action of SO{i) on V combined with Corollary 3.6 and 
Proposition 3.5. □ 

Definition 4.6. We refer to the orthonormal frame constructed in Lemma 4.5 as a qc-normal frame. 

Let us fix a qc-normal frame {ei, . . . , e4„, ^i, ^2, Cs}- We shall denote with X^Y^Z horizon- 
tal vector fields X,Y,Z G H and keep the notation for the torsion of type (0,3) T{B,C,D) ~ 
g{T{B, C),D),B, C,DeH®V. 

Proposition 4.7. On a quaternionic contact manifold (A#^"+'^, 17, Q) the following identities hold 

in 3 3 

(4.8) 2Y,{^e^Ric){ea,X) - X{Scal) = Ric{^r, UX) - 871^, PA^r, X); 

a—1 r=l r=X 

An 



(4.9) Rtci^sJsX) - 2p,{ItX,^s) + 2pt{IsX,^g) +J2i^eT){i,,hX,ea); 

a=l 

in 

(4.10) An{ps{X,^s)--Cs{^s,X)) = 2pg{ItX,^,) + 2pt{IsX,(g) -Y,i^e^T){^s,X,Isea); 

a=l 

in 

(4.11) Cs{^s,X) = -_^(Ve„T)(es,/.X,e,), 

a=l 

where s G {1, 2, 3} is fixed and (s, t, q) is an even permutation of (1, 2, 3). 
Proof. The second Bianchi identity implies 

in in in 

2 ^(Ve„ffic)(ea, X) - X{Scal) + 2 ^ Ric{T{ea, X), e„) + ^ R{T{eb, e,), X, e^, e^) = 0. 

a— 1 a—1 a.b—1 

Apply (3.3) in the last equality to get (4.8). 

The first Bianchi identity combined with (2.7), (3.3) and the fact that V preserves the orthogonal 
sphtting H ®V yield 

in / 3 \ 

i?ic(e.,/.X) = ^ (Ve„T)(6,/s^,e,)-f 2^c^,(/,X,e„)r(5„C,,ea) = 

a=l \ r=\ ) 

in 

= ^ ( Ve„ T) (e. , /.X, + 2T(e. , 6 , /,X) + 2r(^„ C„ /tX) , 

which, together with (4.4), completes the proof of (4.9). 

In a similar fashion, from the first Bianchi identity, (2.7), (3.3) and the fact that V preserves the 
orthogonal splitting H ®V we can obtain the proof of (4.10). Finally, take (3.39) with B = £_i and 
combine the result with (4.9) to get (4.11). □ 
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The following Theorem gives relations between S'p(n)S'p(l)-invariant tensors and is crucial for 
the solution of the Yamabe problem, which we shall undertake in the last Section. We define the 
horizontal divergence V*P of a (0,2)-tensor field P with respect to Biquard connection to be the 
(O,l)-tensor defined by V*P(.) — X^a" i(^ea^)(6aj where ea,a — l,...,4n is an orthonormal 
basis on H. 

Theorem 4.8. The horizontal divergences of the curvature and torsion tensors satisfy the system 
Bb = 0, where 



-1 6 4n-l 



16n(n+2) 
16(n+2) 

1 -3 4 -1 



-1 n + 2 



b 



V*r", V*U, A, dScal\^, Ej=i^*c 
with and U defined in (3.36) and 

HX) = g{h [6,6] + h [6, 6] + h [a , 6] , X). 

Proof. Throughout the proof of Theorem 4.8 (s,i, g) will denote an even permutation of (1,2,3). 
Equations (4.2) and (4.4) yield 

3 

(4.12) j:PriX,Cr) = -^^^fiScal) - Inn 

r—1 ^ ^ 



(4.13) ^p,(/iX,6)=A(X). 

s=l 

Using the properties of the torsion described in Proposition 3.3 and (2.8), we obtain 

3 4n 

(4.14) ^^(Ve„T)(6,/sX,ea) = V*T"(X)-3V*C/(X), 

s— 1 a— 1 

3 4n 

(4.15) ^^(Ve„T)(6,X,/.ea) = V*T"(X) + 3V*C/(X). 



Substituting (4.13) and (4.14) in the sum of (4.9) written for s = 1,2,3, we obtain the third row 
of the system. The second row can be obtained by inserting (4.11) into (4.10), taking the sum over 
s = 1,2,3 and applying (4.12), (4.13), (4.14), (4.15). 

The second Bianchi identity and applications of (3.3) give 



3 / 4n 



I] II[ {^e^Ric){hX,Isea) + M^eXs){IsX,ea) ] - 2Ric{i, , I,X) + 8nCs{t. , X) 

s=l \a=l 

3 

(4.16) + 8nY,[Cs{^tJgX) - C.(6, ItX) - Psi^tJgX) + p,(6, ItX) 
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Using (3.39), (3.41) as well as (2. 8), (2. 9) and (4.1) we obtain the next sequence of equalities 

3 3 

Y,[Ric{IsX,Isea) + 4:nCs{IsX,ea)\ - 2 ^ [p,(/,X, /tCa) - p,(/tX, /.e^) 



-4r«(X, ea) + 2AU{X, Co) + -^^^g{X, e,), 

2n[n + 2) 



(4.17) 8n^[C.(6,/g^)-C.fe,^t^ 

s=l 

3 

= ^[4i?ic(e.,/.X) - 8p,{(s,X) + Ap,{^t,IgX) - 4ps{^g,ItX 

3 3 

[-2i?jc(6, IsX) + 8nCs{L,X)\ = J2 [-4ffic(C3, 1.X) - ^Psi^tJgX) + 4p,(C„ ItX) 

s=l s=l 

Substitute (4.17) in (4.16), and then use (4.12) and (4.13) to get the first row of the system. □ 
We arc ready to prove one of our main observations. 

Theorem 4.9. The qc-scalar curvature of a qc-Einstein quaternionic contact manifold is a global 
constant. In addition, the vertical distribution V of a qc-Einstein structure is integrable and the 
Ricci tensors are given by 

Seal 

P^\H = rtiH = -2CtiH = -^^^^^^u;t ^,t= 1,2,3., 

ffic(es,^)-Ps(^,6) =G(^,6) = 0, 5, t= 1,2,3. 

Proof. Suppose the quaternionic contact manifold is qc-Einstein. According to Proposition 4.2, the 
quaternionic contact torsion vanishes, — 0,£, E V. We are going to show that the horizontal 
gradient of the scalar curvature vanishes, i.e., X{Scal) = 0, X G H. Notice that this fact implies 
also ^{Scal) = 0, ^ G taking into account that for any p G M one has [cq, Isea]\p = T{ea, Isea)\p = 
2^s|p- When n > 1 Theorem 4.8 gives immediately X{Scal) — 0, X E H. Nevertheless, below we 
give a proof, which is valid for n > 1. 

The vanishing of the torsion and equation (4.11) yield (s{£,s,X) — 0. Substituting the latter into 
(4.10), using (4.2) and (4.3), we find 

np,{I,X,^t) - (n+ l)pi(/,X,e,) - {n+l)pg{ItX,U = \^, X{Scal) 

16(71 + 2) 

for any cylclic permutation (s,t,q) of (1,2,3) and any X E H. The last identities imply 

(4.18) Ps{IgX,^t) = Pt{IsX,Cg) ^ PgiltX,^,) = -^^^±-^X{Scal). 

On the other hand, from (4.8) and the qc-Einstein condition, (4.2) and (4.3), we have 

~y ~^" |^ ^(^caO = 4^J?ic(C.,/.X)-4n ^ p,(/tX,6), 

r=l {s,t.q) 

where the summation in the third term is over even permutations of (1,2,3). Apply (4.9) and (4.18) 
to the latter to obtain 

2n3 + 5n^ + 3n - 4 

-— — Xibcalj = 0. 

Now, (4.18), (4.9), (4.3), (3.40), (3.41) and (3.42) complete the proof. □ 
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4.2. Examples of qc-Einstein structures. 

Example 4.10. The flat model. 

The quaternionic Heisenberg group G{M.) with its standard left invariant quaternionic contact 
structure (see Section 5.2) is the simplest example. The Biquard connection coincides with the flat 
left-invariant connection on G{M). More precisely, we have the following Proposition. 

Proposition 4.11. Any quaternionic contact manifold (M,g,Q) with flat Biquard connection is 
locally isomorphic to G(H). 

Proof. Since the Biquard connection V is flat, there exists a local Q-orthonormal frame 
{Ta, hTa, hTa, hTa, Cii £.2, £.3 ■ = 1,... , n} which is V-parallel. Theorem 4.9 tells us that the 
quaternionic contact torsion vanishes and the vertical distribution is integrable. In addition, (3.48) 
and (3.3) yield = with the only non-zero commutators [IiTa,Ta] = 2£^i,i,i = 1,2,3 (cf. 

(5.12)). Hence, the manifold has a local Lie group structure which is locally isomorphic to G (H) 
by the Lie theorems. In other words, there is a local diffeomorphism 4> : M — > G (H) such that 
■q = where Q is the standard contact form on G (M), see (5.13). □ 

Example 4.12. The 3-Sasakian Case. 

Suppose (M, g) is a (4n+3)-dimensional Ricmannian manifold with a given 3-Sasakian structure, 
i.e., the cone metric on M x M is a hyperkahler metric, namely, it has holonomy contained in Sp{n+l) 
[BGN]. Equivalently, there are three Killing vector fields {^i,^2,C3}j which satisfy 

(i) 9{£^-,£j) = hj = 1,2,3 

(ii) [£i,£j] = —^^k, for any cycHc permutation {i,j,k) of (1,2,3) 

(iii) (Db/,)C = gi£^,G)B - g{B,C)£^, z - 1,2,3, B,C e r(rAf), where /,(B) = DBC^ and D 
denotes the Levi-Civita connection. 

A 3-Sasakian manifold of dimension (4n-|-3) is Einstein with positive Riemannian scalar curvature 
(4n -|- 2)(4n -|- 3) [Kas] and if complete it is compact with finite fundamental group due to Mayer's 
theorem (see [BG] for a nice overview of 3-Sasakian spaces). 
Let i? = {6,6,6}^. Then 

h (0 ) = a , hoI,{X) = hX, h o h {X) = -X, Xe H, 
drj,{X, Y) - 2g{i,X, Y), X,Y e H. 

Defining V ~ span{^i, ^2, £3}, Ii\H = h\Hi Ii\v — we obtain a quaternionic contact structure on 
M [Bi<il]. It is easy to calculate that 

it^dj-jj^^ = 0, rf?7j(^j,^fc) = 2, (ir?,(6,6) = din{Ci,£,j) = 0, 
Ai=A2=A3^ 0(3.2), u = ^Mh cf. (3.7). 

This quaternionic contact structure satisfies the conditions (2.5) and therefore it admits the Biquard 
connection V. More precisely, we have 

(i) Vxh = 0, X e iJ, J, = 0, V^Jj = -24, Vj/, = 24, 

(ii) T{ii,^,) = -2^k 

(iii) T{^,,X) = Q, XeH. 

From Proposition 4.2, Theorem 4.9, (3.30) and (3.33), we obtain the following Corollary. 

Corollary 4.13. Any 3-Sasakian manifold is a qc-Einstein with positive qc-scalar curvature 

Seal — \Qn{n + 2). 

For any s, t, r ~ 1, 2, 3, the Ricci-type tensors are given by 

Pt\H = Tt\H = -2^41^ = -2wt 

(4.19) mc[£s.x) = p,,(x,6) = G(^,6) = o 
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The nonzero parts of the curvature R of the Biquard connection is expressed in terms of the curvature 
of the Levi-Civita connection as follows 
i) R{X,Y,Z,W) = R3{X,Y,Z,W) 

+ ELi{^AY,Z)LJsiX,W) - uJsiX,Z)Lj,{Y,W)^2u;,{X,Y)u;,iZ,W)}; 

ii) R{^,Y,Z,W) = -R{Y,tZ,W) = R3{^,Y,Z,W)- 

III) R[^,lZ,W) = R3{tlZ,W-) 

iv) RiX,Y,tO = -4{77iA772(^,C>3(^,>^) + m A VsiL ^)uJi{X,Y) + r,3 Am{^,^)^2iX,Y)}, 

where X,Y,Z,W eH and ^ € V. 

In fact, 3-Sasakian spaces are locally the only qc-Einstein manifolds (cf. Theorem 1.3). Before 
we turn to the proof of this fact wc shall consider some special cases of QC-structures suggested by 
the above example. These structures will be relevant in Chapter 6, see for ex. Theorem 6.20. We 
recall that the Nijenhuis tensor Nj. corresponding to li on H is defined as usual by Nj. {X, Y) = 
[hX, I,Y] - [X, Y] ~ h [hX, Y] - Ii[X, hY] , X,Y eH. 

Definition 4.14. A quaternionic contact structure {M,g,Q) is said to be hyperhermitian contact 
(HC structure for short) if the horizontal bundle H is formally integrable with respect to /i,/2,^3 
simultaneously, i.e. for i = 1, 2, 3 and any X, y G H , we have 

(4.20) Ni^ {X, r) = mod V. 

In fact a QC structure is locally a HC structure exactly when two of the almost complex structures 
on H are formally integrable due to the next identity essentially established in [AM, (3.4.4)] 

2Nj, (X, Y) - Ni, (X, Y) + hNi, {hX, Y) + hNi, {X, hY) - Ni, {hX, hY)^ 

Ni^ {X, Y) + hNi, ihX, Y) + hNi, (X, hY) - Nj, {hX, hY) ^ mod V. 

On the other hand, the Nijenhuis tensor has the following expression in terms of a connection V 
with torsion T satisfying (3.28)(see e.g. [Iv]) 

(4.21) Nj, {X, Y) = T°:\X, Y) + I3,{Y)I^X - (3,{X)IjY - hf3:{Y)hX + hf3:{X)hY, 

where the 1-forms f3i and the (0,2)-part of the torsion Tj.'^ with respect to the almost complex 
structure h are defined on H , correspondingly, by 

(4.22) I3,^aj+hak, 

(4.23) T^:\X, Y) = T{X, Y) - T{hX, hY) + hT{hX, Y) + hT{X, hY). 

Applying the above formulas to the Biquard connection and taking into account (3.3) one sees that 
(4.20) is equivalent to (/3i)|^ = 0. Hence we have the following proposition. 

Proposition 4.15. A quaternionic contact structure {M,g,Q) is a hyperhermitian contact structure 
if and only if the connection 1-forms satisfy the relations 

(4.24) a,iX)=akihX), XeH 

The Nijenhuis tensors of a HC structure satisfy Nj. {X, Y) ~ Tj''^{X, Y), X,Y ^ H. 

Given a QC structure (A/, g,Q) let us consider the three almost complex structures {r]i,h) 

(4.25) hX = hX, XeH, /.(^,)=6, m^)^0. 

With these definitions {rii,h) are almost CR structures (i.e. possibly non-integrable) exactly when 
the QC structure is HC since the condition drii{hX, h(,j) = drii{X,^j) is equivalent to ak{X) = 
—aj{hX) in view of (3.29). Hence, drji is a (l,l)-form with respect to on = if {Cji^fc} and 
a HC structure supports a non integrable hyper CR-structurc (ry^,/,;). 
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A natural question is to examine when li is formally integrable, i.e A^j = mod ^i. 

Proposition 4.16. Let (Af, g,Q) be a hyperhermitian contact structure. Then the CR structures 
{r]i,Ii) are integrable if and only if the next two equalities hold 

(4.26) dr/,(&, C.) = drjki^,, ^j), diy{^j,^,) - dr]k{^k,Cd = 0. 

Proof From (3.3) it follows T"'^(A,y) = using also (4.23). Substituting the latter into (4.21) 
taken with respect to shows Nj \h ~ mod is equivalent to (4.24). Corollary 3.6 implies 

N^^{X,C,) = {a,{hX) + afe(A))e. + (t.,(a) + ak{i,))hX + (a,(e,) - a,(a))/,A+ 

+ T{^k,hX) - /,r(a, X) - T{Cj,X) - hTi^jja). 

Taking the trace part and the trace-free part in the right-hand side allows us to conclude that 
Nj {X, = mod is equivalent to the system 

T(Cfc,/iA) - /ir(Cfe, A) - r(0, A) - hT{Cj,hX) - 0, 

aj (^ ) + ak iCj ) = a, (^^ ) - afe (^fc ) = 0. 

An application of Proposition 3.3, (2.8) and (2.9) shows the first equality is trivially satisfied, while 
(3.30) tells us that the other equalities are equivalent to (4.26). □ 

4.3. Proof of Theorem 1.3. 

Proof of Theorem 1.3. The equivalence of a) and c) was proved in Proposition 4.2. We are left 
with proving the implication a) implies b). Let (M,g,Q) be a qc-Einstein manifold with qc-scalar 
curvature Seal. According to Theorem 4.9, Seal is a global constant on M. We define r] ~ ien[n+2) 
Then (Af, g,Q) is a qc-Einstein manifold with qc-scalar curvature Seal = 16n(n + 2), horizontal 
distribution H = Ker{ri) and involutive vertical distribution V ~ span{^i, ^2,^.3} (see (5.1), (5. 7) 
and (5.8)). 

We shall show that the Riemannian cone is a hyperkahler manifold. Consider the structures 
defined by (4.25). We have the relations 

(4.27) ijj ~ rij ® = -ijl, + ri, ® = h 

if ^ -Id + ^„ nJ., = 0, /,e. =0, 5(/,.,/,.) = .g(.,.)-?7,(.)77,(.). 

Let D be the Levi-Civita connection of the metric g on M determined by the structure {ri,Q). 
The next step is to show 

(4.28) Dli^ Id(E)T]^- g(g)£,i~ aj ®ik + cTk® Ij, 

for some appropriate 1-forms (jg on M. We consider all possible cases. 
Case 1 [A, Y, Z E H] The well known formula 

(4.29) 2g{DAB,C) = Ag{B,C) + Bg{A,C) - Cg{A,B) 

+ gi[A, B],C) - g{[B, C], A) + g{[C, A],B), A,B,Ce V{TM) 

yields 

(4.30) 2g{ [Dxh) Y, Z) = dc^,(A, F, Z) - duj,{X, hY, hZ) + g{N,{Y, Z),I,X). 

We compute doji in terms of the Biquard connection. Using (3.3), (3.28) and (4.22), we calculate 

(4.31) da;,{X, Y, Z) - duj,{X, I,Y, I,Z) = = -2 a,(A) ujk{Y, Z) + 2afe(A) ujj{Y, Z) 

-P,(Y)iOk{Z,X) - h/MY)io,{Z,X) - P,{Z)ujk{X,Y) - hP,iZ) iu,{X,Y). 
A substitution of (4.21) and (4.31) in (4.30) gives 

(4.32) 9{{Dxh)Y, Z) = -a,(A)a.fc(y, Z) + afe(A)^,(r, Z). 
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Letting (Ji{X) = ai{X), we obtain equation (4.28). 

Case 2 [ £^s,£,t V and Z E H] Using the integrability of the vertical distribution V and (4.29), we 
compute 

2g{{D^J^)Cu Z) = 2g{Dj,^u Z) + 2g{DauhZ) - 

- g{[Uu Zl^s) - Z],Ut) - g{[^s,hZ],^t) - g{[^uhZ],£,s). 

An appUcation of (2.5) allows to conclude g{{D^^Ii)£^t, Z) = for any i,s,t £ {1, 2, 3}. 
Case 3 [X,Y e H andC £V] First, let C = ^i. We have 

2gi{Dxii)Y,Ci) = 2g{DxiiY,^,) 

= -^igiX, hY) + g{[X, /jF] , 6 ) - .9([^, 6] , hY) - g{[hY, 6], ^) 

= -{L^,g){XJ^Y)+7^^{[XJ^Y]) - -d77i(X,/ir) = -2g{X,Y). 

after using (3.18), T^, =0, s = 1,2,3, and (2.1). 

For C = ^2, we calculate applying (4.27) and (4.29) that 

2g{{Dxh)Y, 6) = 2.g(i?x/i>^, 6) + 2g(I?xl", 6) 

= -ei.9(x,/,y) -6.9(^,n + .9([^,^«>^],6) ~.9([^,6],^.n 
- .9([/.r, 6], ^) + .9([^, F], 6) - 6], >^) - g(r, 6], ^) 

= -(%g)(x,/iy) - (%5)(x,y) + ,72([x,/ir]) + ,73(]x,y]) = o. 

The other possibilities in this case can be checked in a similar way. 

Case 4 [X G i? and A, B G y]. We verify (4.28) for A, A ^i, B = ^2 and A, A = ^2, S = ^3 since 
the other verifications are similar. Using the integrability of U, (4.29), (4.27) and (3.29), we find 

2g{{Dxh)^u^2) = 2(7(i^xa,6) -5([^,6],6) -5([^,e3],ei) - -2a2(^), 

2g((i?x/i)6,6) = 2g{Dx^3,iz) - 25(^x6,6) = 0. 
Case 5 B, C G F] Let us extend the definition of the three 1-forms cr., on V as follows 

(4.33) a,(^,) = 1 + i(dr?,(C,,efc) - dr,^{iu,ii) ~ drj^i^,,^,)) 

) = di^j (Cj ,ik), cr, (Cfc ) = rfr/fc (Cj , Cfe ) ■ 
A small calculation leads to the formula 

(4.34) g{hA,B)^{r^, hr^k){A,B). 
On the other hand, we have 

(4.35) 2{DArl^){B) = 2g{{DA^^,B) 

= Ar^,{B) + e.g(A, B) - Bn,{A) + .g([A, C,], i?) - m{[A, B]) - g{[i,,BlA) 
3 

= Y,[vs{A)r,t{B)dii,{^s,it) - Vs{A)rjt{B)dvt{Cs,^,) - rjs{B) ijt{A) dijti^,,^,) 

s,t=l 

= 27/, Ar/fe(A,B) - 2aj{A)i]k{B) + 2 afc(A) 77, (B). 

With the help of (4.34) and (4.35) we see 

(4.36) g{{DAh)B, C) = Da{v3 ^ Vk){B, C) = [Da{Vj) A % + ry, A DaMKB, C) 

= ((AMvk A Tji) - ak{A)T], + (Ti{A)r]k) A T]k){B, C) 
+ (?7j A {A^Tj, A ly) - (T,{A)f]j + cjj{A)iq,)){B, C) 
= {vk{A)ii, A iik{B, C) + rij{A)r^, A r/,(B, C)) - a,(A).g(/fcB, C) + afe(A).g(/,B, C) 

= m{B)g{A, C) - g{A, B)ti,{C) - a,{A)g{hB, C) + ak{A)g{i,B, C). 
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Case 6 [A eV and Y,Z e H]. Let i,, s e {1, 2, 3}. The right hand side of (4.28) is equal to 
-crj(^s)cjfc(y, Z) + aki£,s)uJjiY, Z). On the left hand side of (4.28), we have 

(4.37) 2gi{D^J,)Y, Z) = 2g{D^ShY), Z) + 2g{D^X hZ) 

= {6.g(/.r, Z) + g{%J,YlZ) - g{[^,, Z],I,Y) - g{[hY, Z],^,)} 

+ {Cs9{Y,I^Z) + gi[^,,Y],l,Z) - g{[^,,l,Z],Y) - g{[YJ,Z],^,)} 

= g{{i:^J,)Y, Z) - g{{L^M)Z, Y) + io,{I,Y, Z) + u,{Y, I,Z) 

Now, recall Lemma 3.2 to compute the skew symmetric part of g[[!i^_^Ii)Y, Z), and also use formulas 
(4.33), to get for i = s 

g{{D^J,)Y,Z) = dn,iC,,(j)Lu,{Y,Z) + d7^,{^,,^k)My.Z) = -a.H,) Uk{Y, Z) + a^iCO lOj{Y, Z). 
Similarly, for s = j wc have 

g{{D^J,)Y,Z) = dvJ{^^,^J)u;J{Y,Z) - i(-d^,(e„a-) + rfr;,(&,6) - dr^k{^„ ^,)) ujk{Y, Z) 

- LUkiY.Z) = -a,iQLUkiY,Z) + afc(^,) c^,(r, Z), 

which completes the proof of (4.28). 

At this point, consider the Riemannian cone N = M x R+ with the cone metric g^ ~ t^g + dt^ 
and the almost complex structures 

d^,{EJ-) = ChE+L^,,-ti^,{E)-), i= 1,2,3, E^T{TM). 

Using the O'Neill formulas for warped product [On, p. 206], (4.27) and the just proved (4.28) we 
conclude (see also [MO]) that the Riemannian cone {N, gj^ , (f>i,i = 1,2,3) is a quatrnionic Kahler 
manifold with connection 1-forms defined by (4.32) and (4.33). It is classical result (see e.g [Bcs]) 
that a quaternionic Kahler manifolds of dimension bigger than 4 arc Einstein with non-negative 
scalar curvature. This fact implies that the cone N ^ M x with the warped product metric 
gN must be Ricci flat (sec e.g. [Bfs, p. 267]) and therefore it is locally hypcrkahler (see e.g. [Bcs, 
p.397]). This means that locally there exists a S'0(3)-matrix 'J with smooth entries such that the 
triple {4>i, 4'2t 'Pa) = ^ ■ ('/'i, 02, f^s)* is 15-parallel. Consequently (Af , \1> • rj) is locally 3-Sasakian. 
Example 4.12 and Proposition 4.2 complete the proof. □ 

Corollary 4.17. Let {M,g,Q) be a QC structure on a (4-n+3) -dimensional manifold with non-zero 
qc-scalar curvature Seal. The next conditions are equivalent 

i) The structure (M, ^^^^~f^ffiQ) is locally 3-Sasakian; 

ii) There exists a (local) 1-form r/ such that the connection 1-forms of the Biquard connection 
vanish on H, on{X) = —dr]j{^kT X) ~ 0, X Cz H, i,j,k ~ 1,2,3. 

Proof. In view of Theorem 1.3 and Example 4.12 it is sufficient to prove 

Lemma 4.18. // a QC structure has zero connection one forms restricted to the horizontal space 
H then it is qc-Einstein, or equivalently, it has zero torsion. 

If ai{X) = for i = 1, 2, 3 and X H then (3.33) together with (3.3) yield 

2p,{X,Y) = -a.([X,y]) = a,{T{X,Y)) = 2^^^ a,{^s)u: s{X ,Y) . 
Substitute the latter into (3.41) to conclude considering the S'p(n)S'p(l)-invariant parts of the ob- 
tained equalities that T°(X, Y) = U{X, Y) = a,{Q = 0, a,(4) = - g^n+z) ■ ° 

5. CONFORMAL TRANSFORMATIONS OF A QC-STRUCTURE 

Let ft. be a positive smooth function on a QC manifold {M,g,Q). Let fj = -^rj be a conformal 
deformation of the QC structure 77 (to be precise wc should let g — ^g on H and consider (A/, g, Q)). 
Wc denote the objects related to fj by ovcrlining the same object corresponding to rj. Thus, dfj = 
— ■^dh A ?/ -I- jf^dri and g = -^^g. The new triple {^1, ^2, Cs} is determined by (2.5). We have 

(5.1) = 2ftes + /sV/i, s-1,2,3. 
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where Vh is the horizontal gradient defined by g(yh, X) ~ dh{X), X E H. 

The horizontal sub-Laplacian and the norm of the horizontal gradient are defined respectively by 

4:71 4n 

(5.2) Ah = tr^jj{\/dh) ^ ^ Vd/i(ea,ea), |V/ip = ^dh{eo,f. 

a—l a—1 

The Biquard connections V and V are connected by a (1,2) tensor S, W aB = V aB + SaB, A,Be 
T{TM). The condition (3.3) yields 

giSxY, Z) - giSyX, Z) = ^h'^ Y.l=i ^s{X, Y)dh{I,Z}, X,Y,Ze H. 
From V5 = we get g{SxY, Z) + g{SxZ, Y) = ~h''^dh{X)g{Y, Z), X,Y,Z <E H. 

The last two equations determine g{SxY, Z) for X,Y,Z E H due to the equality 
g{SxY, Z) = -i2h)-^{dhiX)g{Y, Z) - Y.L^ dh{hX)Lu,iY, Z) 

+dhiY)g{Z,X) + dh{hY)LOs{Z,X) ~ dh{Z)g{X,Y) + ^Li dh{hZ)ojs{X,Y)}. 

Using Biquard's Theorem 2.3, we obtain after some calculations that 

(5.3) ff(%X,y) - 2hg{T^,X,Y) - g{S^^X,Y) = 

- Vdh{XJiY) + h~^{dh{hX)dh{l2Y) - dh{l2X)dh{hY)). 

The identity = yields \Jdh{X,Y) - \Jdh{Y,X) = -dh{T{X,Y)). Applying (3.3), we can write 

3 

(5.4) ^dh{X, Y) = [Vd/^][,,,„] {X, Y)-Y^ dh{^,)Lo,iX, Y), 

where [.][si,m] denotes the symmetric part of the correspondin (0,2)-tensor. 

Decomposing (5.3) into [3] and [-1] parts according to (2.2), using the properties of the torsion 
tensor T^. and (3.36) we come to the next transformation formulas: 

(5.5) t\x,Y) = T\X,Y) + /i-^[Vrf/i][,^,„][_i], 

(5.6) U{X,Y) = U{X,Y) + {2h)-^[Vdh-2h-^dh®dh\:i}[Q}, 

g{S^^X, Y) = -i [ - \/dh{X, hY) + Vdh{hX, Y) - VdhihX, hY) + Vdh{hX, hY) 

- {2h)-^ \dh{hX)dh{l2Y) - dh{l2X)dh{hY) + dh{IiX)dh{Y) - dh{X)dh{hY) 

+ {-Ah + 2h-^\Vh\^) g{hX, Y) - dh{^:i)g{l2X, Y) + dh{^2)g{hX, F), 

where [.][sj,m][-i] and [-Ipifo] denote the symmetric [— l]-component and the traceless [3] part of the 
corresponding (0,2) tensors on H, respectively. Observe that for n = 1 (5.6) is trivially satisfied. 
Thus, using (3.47), we proved the following Proposition. 

Proposition 5.1. Let rj = be a conformal transformation of a given QC structure rj. Then the 
trace-free parts of the corresponding qc-Ricci tensors are related by the equation 

(5.7) Rico{X,Y) -Ri^oiX,Y) 

= -{2n + 2)h-^[Vdh][,y,„,][_^{X, Y) - {2n + 5)/i"^ \vdh - 2h-^dh ® dh] {X, Y). 



[3][0] 



Forn^l, RicoiX, Y) - Rico{X, Y) = -4h-^[Wdh][,y,„^[_^]{X, Y). 

In addition, the qc-scalar curvature transforms by the formula [Biql] 

(5.8) 'Seal = 2h{Scal) - 8{n + 2)2/i-i|V/ip + 8(n + 2)Ah. 
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5.1. Conformal transformations preserving the qc-Einstein condition. In this section we 
investigate the question of conformal transformations, which preserve the qc-Einstein condition. A 
straightforward consequence of (5.7) is the following 

Proposition 5.2. Let fj = be a conformal deformation of a given qc-structure {M,g,Q). Then 
the trace-free part of the qc-Ricci tensor does not change if and only if the function h satisfies the 
differential equations 

3 3 

(5.9) 3{Wxdh)Y -Y,i^isXdh)IsY = -4^ d/i(e.)c^.(X, F), 

3 

(5.10) {Wxdh)Y - 2h-^dh{X)dh{Y) + ^ [{W i^,xdh)IsY - 2h-^dh{IsX)dh{IsY)] = Xg{X, Y), 

s=l 

for some smooth function A and any X,Y €z H . 

Note that for n — 1 (5.10) is trivially satisfied. Let us fix a qc-normal frame, cf. definition 4.6, 
{Ta, Xa = IiTa,Ya = hTa, = hTa, £.1,^,2, 6}, « = 1 • . . , n at a point p e M. 

Lemma 5.3. If h satisfies (5.9) then we have at p (z M the relations 

, , [IjTa)Tah = - Ta{IjTa)h = k 

^ ' {IjT^){hT^)h = - {hT^){IjT^)h = ^kh. 

Proof. Working with the fixed qc-normal frame, equation (5.9) gives 

AT^X^h{p) - \T^,X^]h{p) -f [y„,Z„]/i(p) = ~^iih{p). 
Lemma 4.5 and (3.3) yield [Ta,Xjft.(p) - [Ya,Za]h{p) ^ 0. Hence, (5.11) follow. □ 

5.2. Quaternionic Heisenberg group. Proof of Theorem 1.1. The proof of Theorem 1.1 will 
be presented as separate Propositions and Lemmas in the rest of the Section, see (5.29) for the final 
formula. We use the following model of the quaternionic Heisenberg group G (H). Define G (H) = 
H" X ImH with the group law given by (g', w') = {qo,uJo)°{qT^) = [qo + q,^ + 0^0 + 21'niqoq)^ 
where q, qo € H" and lo,lOo G ImH. In coordinates, with the obvious notation, a basis of left 
invariant horizontal vector fields T^, Xa = IiTa, Y^ = l2Ta, Za — IsTa, a = 1 . . . , n is given by 

T„ = dt^ +2x'^d,: + 2y'^dy + 2z"d, X^ = d^.^ -2t°'d^ -2z°'dy + 2y'^d^ 

Ya = dy^ + 2z"a^ - 2t"(9y - 2x"9^ Z„ = d^^ - 2y'^d^ + 2x''dy - 2t°'d, . 

The central (vertical) vector fields ^1,^2,^3 are described as follows 

6 = 29. 6 = ^dy 6 = 29. . 
A small calculation shows the following commutator relations 

(5.12) [/jT„Tj = 2^, [/jr„,/,T„] = 2^. 
The standart 3-contact form Q = (81, 82, 83) is 

(5.13) 28 = duj ~ q' ■ dq' + dq' ■ q' . 

The described horizontal and vertical vector fields are parallel with respect to the Biquard connection 
and constitute an orthonormal basis of the tangent space. 

We turn to the proof of Theorem 1.1. We start with a Proposition in which we shall determine 
the vertical Hessian of h. 

Proposition 5.4. If h satisfies (5.9) on G (H) then we have the relations 

(5.14) ^l{h) ^ e2{h) ^ esih) ^ 8fio, 66(/i)=0, *^j- = 1,2,3, 
where fio > is a constant. In particular, 

(5.15) h{q,ij) = g{q) + [ {x + x^iq))^ + iv + Vo{q)f + {z + Zo{q)f] 
for some real valued functions g, Xo Po and Zo on H". Furthermore we have 

To,Zo,Xl{h) = T,Z,i;2(/i) = 0, Tlij{h) = 0. 
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Proof. Equations (5.11) and (5.12) yield the next sequence of equalities 

2^,ej h = -2r, (/,T„) h = -2T^ (/, T^) h = [T„,/jr„] (/.T,) h 

= Tl (/, T„) (/, T,) - 2T„ (/, T,) T„ (/,;T„) = h ~ h. 

Hence, 3^i^j h = h. Similarly, interchanging the roles of i and j together with {liTa, IjTq,} = 

we find 3^j£,i{h) ~ — £,k{h). Consequently ^^^j h = h = 0. An analogous calculation 

shows that ^i^k h = 0. Furthermore, we have 

2eAh) = 2XMi{h) = 2X^CMh) = -X^[Y,,Z,,]T^{h) 

= X^Z^YMh) - X^Ya^ZMh) = CUh) + ^lih). 

We derive similarly 2C^{h) = ^f{h) + e|(/i), 2e|(/i) = ^|(/i) + C?(/i). Therefore ^^(/i) ^ ^^(^h) = 
iiW, ^f{h) = ^^^'jih) = 0, i^j = 1,2,3 which proves part of (5.14). 

Next we prove that the common value of the second derivatives is a constant. For this we 
differentiate the equation T^^kh = with respect to IkTa from where, (5.11) and (5.12), we get 

= & (4T„) h = ^kT^ (IkTa,) T^h + Cfc [/feT„ T^] h 

= T^ekh + 2T^Slh = iT^ ek h. 

In order to see the vanishing of (/^ Ta) ^'^ h we shall need 

(5.16) {I,Ta,)Hkh = 0. 
The latter can be seen by the following calculation. 

2^,ej h = 2C, (/,r„) (4T,) h = 2{I,T^) (4T,) /i = T„ [T,,/,T„] (/^TJ /i 

= (/«r„)2 r„(4r„) /i - (/,r,) (/,r„) (/feT„) /i = - (/.t^)^ - ^^ /i, 

from where = 3S,i^jh = — (/^ Ta)^£^kh. Differentiate {Ij Ta)^ ^fe/i = with respect to IjTa to get 

= a (/ji;.) {hT^f^uh= 4 (/*r„) (/fcTa) T„ + a [IjT^,hT^] (hT^) h 

= {I,T^) ilh + 2 [hTc) ^kh = 3 [hT^) h. 

We proved the vanishing of all derivatives of the common value of ^J/i, i.e., this common value is a 
constant, which we denote by 8^o- Let us note that yUo > follows easily from the fact that h > Q 
since g is independent of x, y and z. 

The rest equalities of the proposition follow easily from (5.11) and (5.14). □ 

In view of Proposition 5.4, we define h = g + jjo f , where 

(5.17) / = ix + Xoiq)f + iy + yo{q)f + iz + Zo{q)f. 
The following simple Lemma is one of the keys to integrating our system. 

Lemma 5.5. Let X and Y be two parallel horizontal vectors 
a) Ifujs{X,Y) = for s = 1,2,3 then 

3 

(5.18) 4:XYh-2h~'^ dh{X) dh{Y) + '^dh{IsX) dh{IsY) =Xg{X,Y). 

3=1 

h) If g{X,Y) = then 

3 3 

(5.19) 2XYh - h^^ {dh{X) dh{Y) + ^^dhilsX) dh{IsY)} = 2 ^{ {^sh) ujs{X,Y) }. 
c) Ifg{X,Y) = LJ,{X,Y) = for s = 1,2,3 we have for any j e {1,2,3} 

3 

(5.20) XY(i,h) = 0, 8XYh = {{X^,f) {Y^,f) + ^(/,Xe,/) (7,,^ ^j/) }• 
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Proof. The equation of a) and b) are obtained by adding (5.9) and (5.10). Let us prove part c). 
From (5.9) and (5.10) taking any two horizontal vectors satisfying g(X,Y) = ujs{X,Y) = 0, we 
obtain 2hVdh{X,Y) = dh{X) dh{Y) + Y^l^^dh{IsX) dh{hY). 
If X, Y are also parallel, differentiate along twice to get consequently 



(5.21) 2ijhXYh + 2hXY^jh^ {X^jh){Yh) + "^[{IsX £,jh) {I^Y h) + {^X ^jh) {I^Y h)], 

s=l 

3 

2^]hXYh + AhXYijh = 2{{X(,jh){Yijh) + ^(/.Xe^/i) (1,^ Cj/i) }• 

s=l 

Differentiate three times along and use =const, cf. (5.14) to get 2 {^"jh) XY {^jh) = 0, from 
where the first equality in (5.20) follows. With this information the second line in (5.21) reduces to 
the second equality in (5.20). □ 

In order to see that after a suitable translation the functions Xq Ho E^nd can be made equal to 
zero wc prove the following proposition. 

Proposition 5.6. If h satisfies (5.9) and (5.10) on G (H) then we have 

a) For s G {1, 2, 3} and k a cyclic permutation of 1, 2, 3 

To Tp i^sh) = ihT^) {hTp) i^sh) = V a, /3 

{IjTa)Ta i^sh) = - Ta{IjTa) {£,sh) = 8 S^j Ho 

{I,T^){hT^) i^sh) = - (/,r„)(/,r,) i^,h) = 8Ssk /io , 

i.e., the horizontal Hessian of a vertical derivative of h is determined completely. 

b) There is a point {qo, uJo) G G (H), Qo = {ql, q^, ■ ■ ■ , qo) G OLnd uj = ixo + jVo + G ImiW), 
such that, 

iXo{q) + iVo{q) + kzo{q) = Wo + 2Imqoq. 

Proof a) Taking a (3 and using X = T„ and F = in (5.20), we obtain TaTf}£,sh = 0, [3. 
When a = (i the same equality holds by (5.16). 

The vanishing of the other derivatives can be obtained similarly. Finally, the rest of the second 
derivatives can be determined from (5.11). 

b) From the identities in (5.22) all second derivatives of Xo, Vo and Zo vanish. Thus Xo, Vo and 
Zo are linear function. The fact that the coefficients are related as required amounts to the following 
system 

Tq Xo Zoi yo ^oi -^a — Vo — -^q 

Yq^ Xo — Xot yo T^a ^o, Zoi Xo — Pol Vo — Zq. 

From (5.15) we have ^ih = 4/Xo(x + ((?)), S.2h = Afio{y + yo{q)), ^sh = A^oiz + Zo{q)). 
Therefore, the above system is equivalent to 

Tail h = Za 6 h = -Ya ^3 h, Xa^l h = Ya ^2 h = Z^ 6 h 

Yai\h = Xa 6 h = -Ta ^3 h ZaCl h ^ -Tq ^2 h = -X^ 6 h. 

Let us prove the first line. Denote a — Ta^i h, b — ZaS.2 h, c ~ — ^3 h. From (5.11) and 
(5.12) it follows 

a = TaZaYa h = ZaToiYa h + [Ta, Za]Ya k = —b + 2c 

b ~ ZaYaTa h ~ YaZaTa h + [Za,Ya]Ta h = —C + 2a 

c — Y^TfyZa h ~ To^YfyZfy h -\- ^Y^^TalZa h = a -\- 2b, 
which implies a = b = c. The rest of the identities of the system can be obtained analogously. □ 
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So far we have proved that if h satisfies the system (5.9) and (5.10) on G (H) then, in view of 
the translation invariance of the system, after a suitable translation we have 

h{q,u;) = g{q) + ^i^ix^ + 2/' + z^). 

Proposition 5.7. Ifh satisfies the system (5.9) and (5.10) on G (H) then after a suitable translation 
we have 

g{q) = (6 + 1 + \q\^)\ 6 + 1 > 0. 

Proof. Notice that ^i/i = 4/ioa;,^2^ = 4/ioj/,^3ft, = 4/.io2. With this equations (5.11) become 

(5.23) TMh) = ZMh) = -Y^h) = -X^Z^{h) = -4/i<,y, 

T^Z^{h) = XMh) = -ZMh) = -Y^X^{h) = -4/x„z. 

Let us also write explicitly some of the derivatives of /, which shall be used to express the derivatives 
of g by the derivatives of h. For all a and (3 we have 



Tpf - 


A{xf^x + 


y^y + z^z), 




Xpf = 4.{-t^x - 


zf^y + /z). 


Ypf = 


A{z^^x - 


t% - x^z\ 




Zpf = 4 (-/a- + 


a;^ - t^z). 


TcTpf 


= 8(x"a;'^ 


+ 2/"/ + z^z'^). 








YaYpf 


= 8(z"z'^ 


+ + a;"a;'^), 




Z„Z;3/ = 8(y"/ - 


f .t"x'3 + rt''). 


TaXpf 


= -ASapX - 


4- 8(-a;"t'3 - y^z'^ H 




ToXpf = -4(5„/3y + 8( 


x"z'3 - y^'tf^ - z^'x^), 


TaZpf 


^ -ASapZ - 


h 8(-a;"/ + y"a;'5 - 


- z"i'3). 


X^Tpf = 4,5„/3a; + 8(- 


-t"x'^-z"/ + y"z'3), 


XcXpf 


= -4(5q^2; - 


f 8(-t"z'^ + z^t/^ - 


y^x<'), 


X^Zpf ^ 4S^py + 8{t"yP - z'^x^ + y'^t^). 



From the above formulas we see that the fifth order horizontal derivatives of / vanish. In particular 
the fifth order derivatives of h and g coincide. 
Taking X ~Y ~ Ta in (5.18) we obtain 

(5.24) 4T> - 2h-^{{T^hf + {X^hf + {Y^hf + [Zo^hf] = A. 

Using in the same manner X^, and Za we see the equality of the second derivatives 

(5.25) Tlh = Xlh = Y^h = Zlh. 

Therefore, using (5.11) and (5.14), wehaveT^/i = TaXlh = XaTaXah+[Ta, Xa\Xah = ~3Xa^ih = 
2Afiot°' and thus T^h = 24^^. In the same fashion we conclude 

(5.26) T^h = 24/i„r X^h = 24^oa;" Y^h = 24/.t„2/" Z^h = 24/i„z". 
Similarly, taking X = Ta, Y = Xp and j = 1 in (5.20) we find 

To^Xph ^ 8no {~x°'t^ + f'x'^ ~ y'^z<^ + z"/), a ^ /3. 

Plugging X ^Ta,Y ^Tji with a 7^ /? in (5.20) we obtain 

ToJph = XJiXph = YJiYph = ZJiZph = 8fioit"t'^ + x^x^ + y°'y^ + z"z^). 

The other mixed second order derivatives when a ^ (3 can be obtained by taking suitable X and Y . 
In view of the formulas for the derivatives of / and (5.23), we conclude 



TaXpg 


= 8fiot°'x>^, 


TaYpg 


= 8/.i„f"/, 


TaZpg 


= 8^iot°'z'^ 


XaYpg = 


8//oa;"/, 


XaZpg ~ 


= SfioX^Z^, 


YaZpg 


= 8fioy"z'', 


8^iot''t^\ X^Xpg 


= SnoX^x^ 


, Y^Ypg 


= ^iJ^oy'^y^. 


ZaZpg 


= 8^oz"z'^, 


TaXa g 


= 8Aioi"x", 


TaYag 




TaZa g 


= Sfiot^z" 


XaYa g — 


8fiox"y", 


XaZ^g - 


: 8floX°'Z°', 


YaZa g 


- 8mo2/"z". 



A consequences of the considerations so far is the fact that all second order derivative are quadratic 
functions of the variables from the first layer, except the pure (unmixed) second derivatives, in which 
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case we know (5.25) and (5.26). It is easy to see then that the fifth order horizontal derivatives of 
h vanish. With the information so far after a smaU argument we can assert that g is a polynomial 
of degree 4 without terms of degree 3, and of the form 

n 
a=l 

where p2 is a polynomial of degree two. Furthermore, the mixed second order derivatives of g are 
determined, while the pure second order derivatives are equal. The latter follows from (5.24) taking 
(7 = 0, a; = 0. Let us see that there are no terms of degree one on p^- Taking X = T^, Y = Tjs, 
a ^ (3 and j = 1 in (5.21) we find 

(4^<,x) { AT^Tpg + 32Aio(a;"x^ + y"/ + z'^z^) } 
= 2 {(8a;")(T^g + 4/i„(x^:r + i/y + zf z)) + {-Br){Xpg ^ Aiio{-t^ x - z^y + /z)) 
+ {Sz''){Ypg + A^lo{zf'x - t^y - z)) + i~8y''){Zpg + Afioi-y^'x + x% - z)) 
+ (8x^)(r„5 + 4Aio(x"x + + z"z)) + {-UP){X^g + A^lo{-t''x - z"y + y^z)) 

+ (8z^)(rag + 4/io(z"x - ey - x" z)) + i-8y^)iZ^g + A^ioi^y^'x + x"y - t"z))} 
= 16 (x"T^5 + x^T^g - ex,3g ~ t^X^g + z^Ypg + z^Y^g - y'^Z^g - y^Z^g) 

+ 128/io X {f^tl^ + x"x^ + t'^t^ + x^x^^ ) 

Taking into account (5.27) we proved 

x'^Tpg + xl'T^g - t"X,3g - t^X^g + z'^Ypg + zfY^g - y^Zpg - y^Z^g = 0, a ^ p. 

Comparing coefficients in front of the linear terms implies that g has no first order terms. Thus, we 
can assert that g can be written in the following form 



(5.28) g 

Hence, /i = (l + y/TiZ\q?Y 
(5.19) we obtain 16/io (1 + 6) = 



4 (a 



'^io\q\-} + 2a\qY 
b + ^loix"^ ' -'^ 



b. 



+ r + z^ 



2^y. Therefore 



5 /"o kr + (a + 2Vai;) ^^;|gr + ^ + 1 

In turn the formula for h becomes 



Taking X = T„, y = in 
2Vb + l\q\^ + 6 + 1 = (6 + 1 



^Mo \q[ 



(5.29) 

Setting c 

h = 



h = (b 



1 + 



(& + If 



and 



i+fc 



7I^\qf) + /io(a;^ + + z'^). 
> the solution takes the form 



(1 + iy\q\'^) + ly'^ix'^ + y^ + z^) 



, which completes the proof of Theorem 1.1. 



□ 



Let us note that the final conclusion can be reached also using the fact that a qc-Einstein struc- 
ture has necessarily constant scalar curvature by Theorem 4.9, together with the result of [GVl] 
identifying all partially symmetric solutions of the Yamabe equation on G (H), i.e., of the equation 



a=l 



Xlu 



Y^u 



The fact that we are dealing with such a solution follows from (5.28). The current solution depends 
on one more parameter as the scalar curvature can be an arbitrary constant. This constant will 
appear in the argument of [GVl] by first using scalings to reduce to a fixed scalar curvature one for 
example. 
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6. Special functions and pseudo-Einstein quaternionic contact structures 

Considering only the [3] -component of the Einstein tensor of the Biquard connection due to 
Theorem 3.12 and by analogy with the CR-case [LI] , it seems useful to give the following Definition. 

Definition 6.1. Let {M,g,Q) be a quaternionic contact manifold of dimension bigger than 7. We 
call M qc-pscudo-Einstein if the trace-free part of the [3]-component of the qc-Einstein tensor van- 
ishes. 

Observe that for n = 1 any QC structure is qc-pseudo-Einstein. According to Theorem 3.12 (M, g, Q) 
is quaternionic qc-pseudo-Einstein exactly when the trace-free part of the [3]-component of the 
torsion vanishes, U = 0. Proposition 5.1 yields the following claim. 

Proposition 6.2. Let fj = urj be a conformal deformation of a given qc-structure. Then the trace- 
free part of the [3] component of the qc-Ricci tensor (i.e. U ) is preserved if and only if the function 
u satisfies the differential equations 

(6.1) (V.Ydw)r + {Wi,xdu)LiY + {Wuxdu)L2Y + i,xdu)IiY = -Au g(X, Y). 

n 

Ln particular, the qc-pseudo-Einstein condition persists under conformal deformation f] = urj exactly 
when the function u satisfies (6.1). 

Proof. Definning h = a small calculation shows 

(6.2) Vdh-2h^^dh®dh^ir^Vdu. 

Inserting (6.2) into (5.10) shows (6.1). □ 

Our next goal is to investigate solutions to (6.1). We shall find geometrically defined functions, 
which are solutions of (6.1). 

6.1. Quaternionic pluriharmonic functions. We start with some analysis on the quaternion 
space H". 

6.1.1. Pluriharmonic functions in H". Let Bt be the four-dimensional real associative algebra of the 
quaternions. The elements of H are of the form q ~ t -\- ix + jy + kz, where x, y, z G M and i, j, k 
are the basic quaternions satisfying the multiplication rules i^ = = k^ = —1 and ijk = — 1. 
For a quaternion q we define its conjugate q = t — ix — jy — kz, and real and imaginary parts, 
correspondingly, by SRg = t and 5g ~ xi + yj + z/c.Tlie most important operator for us is the 
Dirac-Feuter operator D = dt + idx + jdy + kdz, i.e., D F = dtF + idxF + jdyF + kdzF 
and in addition 

DF = dtF - idxF - jdyF - kd^F. 
Note that if _F is a quaternionic valued function due to the non-commutativity of the multiplication 
the above expression is not the same as FT) = dtF + dxFi + dyFj + dzFk. Also, when 
conjugating 'T F ^ VF. 

Definition 6.3. A function F : M M, which is continuously differentiable when regarded as a 
function o/M^ into is called quaternionic anti-regular ( quaternionic regular^, or just anti- regular 
("regular; for short, ifDF = fD F = 0). 

These functions were introduced by Fueter [F]. The reader can consult the paper of A. Sudbery 
[S] for the basics of the quaternionic analysis on H. Let us note explicitly one of the most striking 
differences between complex and quaternionic analysis. As it is well known the theory of functions 
of a complex variable z is equivalent to the theory of power series of z. In the quaternionic case, 
each of the coordinates t, x, y and z can be written as a polynomial in q, see eq. (3.1) of [S], and 
hence the theory of power series of q is just the theory of real analytic functions. Our goal here 
is to consider functions of several quaternionic variables in H" and on manifolds with quaternionic 
structure and present some applications in geometry. 
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For a point q e H" we shall write q = {q^, . . . , g") with e H, (7" = + ix°' + jy" + kz" for 
a = I, . . . ,n. Furthermore, q°' = q" , i.e., q"' = — ix" — jy°' — kz" . 

We recall that a function F : M" — > H, which is continuously differentiable when regarded as a 
function of M.^" into M.^ is called quaternionic regular, or just regular for short, if 

F = dt^F + id^^F + jdy^F + kd.^F = 0, a=l,...,n. 
In other words, a real-differentiable function of several quaternionic variables is regular if it is regular 
in each of the variables (see [Perl, Pcr2, Joy]. The condition that F ~ f + iw + ju + kv is regular 
is equivalent to the following Cauchy-Riemann-Fcuter equations 

dt^f - 9x^w - dy^u~ dz^v = 0, dt^w + dx^f + dy^v - dz^u 0, 
dt^u — dx^v + dy^f + dz^w = 0, dt^v + dx^u — dy^w + d^^f ~ 0. 

Definition 6.4. A real-differentiable function f : H" i-^ M is called Q-pluriharmonic if it is the real 
part of a regular function. 

Proposition 6.5. Let f be a real-differentiable function f : H" y-^ R. The following conditions are 
equivalent 

i) f is Q-pluriharmonic; 

ii) "Dp Da f = Q for every a, j3 £ {l,...,7i}, where Da ~ dt^ — idx^ — jdy^ — kdz^, 
Hi) f satisfies the following system of PDEs 

~fyc,tfj + f ZaXfj + ftaVp ~ fxaZfi = 0, ~fzatfi ~ fvaXfl + f X + ftaZfj — 0. 

Proof. It is easy to check that T)p T)a / = is equivalent to (6.4). 

We turn to the proof of ii) implies i). Let / be real valued function on H", such that. Dp Da f ~ 
0. We shall construct a rcal-diffcrcntiable regular function F : H" i-^ H. In fact, for q G M" we 
define 

Fiq) = /((?) + 3 / s^{Da .f){sq)q"ds. 
Jo 

In order to rewrite the imaginary part in a different way we compute 



3? 



(Dq f){sq)qads = di J {dt^f - idx^f - jdy^f - kd^^f^ {sq) {ta +ixa+ jya + kza) ds 
{dt^f{sq)ta + dx^f{sq)xa + dy^f{sq)ya + dz„f{sq)zo^ ds 
.(/(sg))d,s = s^fisq)\l - 2 / sf{sq)ds^ f{q) - 2 / sf{sq)ds. 





2 d 

ds ' 



Therefore we have 3 £ s^ {Da f)isq) q"^ ds ^ j\s^ {Da .f)isq) q" ds - f{q) + 2j^sfisq)ds. 
In turn, the formula for F{q) becomes F{q) ~ j\s^ {Da f){sq)q°'ds + 2 sf{sq) ds. Hence 
Dp F{q) =^ /J s'^Dp [{Da f){sq) q"] ds + 2 sDp [f{sq)] ds. We compute the first term. 

Dp [{Da f){sq)q^] = {dt,-htdx,+jdy^+kdz,)[{Da /)(.sg)<z"] 

= Dp [{Da f){sq)] + Da f{sq) dt.qa + I'Da f{sq) dx.qa 
+ jDa f{sq) dy^qa + kDa f{sq) d^^qa 
= Dp [{Da /)(s(7)]9"+ 5ap{Da f{sq) + iD a f {sq)i + jD„ f{sq)] + kDa f{sq)k}. 
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The last term can be simplified, using the fundamental property that the coordinates of a quaternion 
can be expressed by the quaternion only, as follows 

Dfj fisq) + i'Dfj fisq)l + jVp f{sq)j + kVp f{sq)k 

= {dtj - idxj - jdy^f - kd,J) + i{dtj ~ id^^f ~ jdyj ~ kd,J)i 
+ iidtj ~ idxj - jdyj - kd,J)j + k{dtj - id^J - jdyj - kd,^^J)k 
= -29ta/ - idx,J - jdyJ - kd^J + id^J - jdy^J - kd:,,J 
- idxfj + jdyJ - kd^i^f - idxj - jdyJ + kd^^J 

= -2dt,f - 2idxJ - 2jdyJ ~ 2kd,J - -2^5^ f{sq). 

Going back to the computation of Dp F{q), we find 

Dp F{q) ^ [ Dp [{D^ f){sq)] q'^ds - 2 [ s^Dp f{sq)ds + 2 f s^Dp fisq)ds 
Jo Jo Jo 

"Dp f){sq)]q"ds. 

JO 

Hence, if Dp / = for every a and P we have Dp F{q) — 0. 
Next we show that i) implies ii).We calculate using (6.3) that 

Both sides must be equal to zero by noticing that the left hand side is antisymmetric while on the 
right we have an expression symmetric with respect to exchanging a with (3. The other identities 
can be obtained similarly. □ 

According to [Sti] there are exactly two kinds of Cauchy-Riemann equations for functions of 
several quaternionic variables. The second one turns out to be most suitable for the geometric 
purposes considered in this paper. 

Definition 6.6. A function F : H" — > H, which is continuously dijferentiable when regarded as a 
function of R"*" into M.'^ is called quaternionic anti-regular ( also anti-regularj, if 

DF = dt^F ~ idx^F - jdy^F ~ kd^^F = 0, a=l,...,n. 

The condition that F = f + iw + ju + kv is anti-regular function is equivalent to the following 
Cauchy-Riemann-Feuter equations 

dt^ f + dx^ w + dy^ u + dz^ V = 0, dt^w — dx^ f — dy^ v + dz^ u — 0, 
^^'^^ dt^u + dx„v - dy^f - dz^w = 0, dt^v - dx^u + dy^w - d^^f = 0. 

See also (6.8) for an ec^uivalcnt form of the above system. 

Anti-regular functions on hyper kahler and quaternionic Kahler manifolds are studied in [CLl, 
CL2, LZ] in connection with minimal surfaces and quaternionic maps between quaternionic Kahler 
manifolds. 

Definition 6.7. A real-differentiable function f : H" i— > M is called quaternionic pluriharmonic ( 
Q-pluriharmonic for short) if it is the real part of an anti-regular function. 

The anti-regular functions and their real part play a significant role in the theory of hypercomplex 
manifold as well as in the theory of quaternionic contact (hypercomplex contact) manifolds as we 
shall see further in the paper. We need a real expression of the second order differential operator 
I^Q- Dp f acting on a real function /. 
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We use the standard hypercomplex structure on M" determined by the action of the imaginary 
quaternions 

h dt" = dx" h dy" = dz" 

h df^ = dy" h dx°' = - dz" 

We recall a convention. For any p-form ij: we consider the p-form Is4' and three (p+l)-forms 
s = 1,2,3 defined by J,^(Xi, . . . , Xp) := {-\Y^{l,X^, . . . J.X^), 4^ := {-XYhdls'^- 
Consider the second order differential operators DDi^ acting on the exterior algebra defined by [HP] 

(6.6) DDj. := ddi + djdk ~ ddi — Ijddi ~ ddi — Ikddi. 

Proposition 6.8. Let f he a real-dijferentiable function f : H" — > M. The following conditions are 
equivalent 

i) f is Cl-pluriharmonic, i.e. it is the real part of an anti-regular function; 
ii) DDiJ 0, s = 1,2,3.; 

Hi) Dq, / = Q for every a, j3 £ {l,...,7i}, where 'Da ~ dt^ — idx„ — jdy^ — kdz^, 
iv) f satisfies the following system of PDEs 

ftatft + fx^Xft + fvaVfi + f Z^Zf} = 0, —ft^Xf-, + f X ,i — f Z^Vfi + fvaZff ~ Oj 
fvat/S + f ZaXf} ~ ftaViS ~ f XaZfj — 0, fzat/S ^ f VaX/i + f XaVfi ~ ftaZ/j = 0. 

Proof. A simple calculation oiDp Dq, / gives the equivalence between iii) and iv). 

Next we shall show that ii) is equivalent to iii) . As df = dt^ f dt" +dx^f dx" + dy^ f dy" + dz^ f dz" 
we have Iidf ~ dt^f dx" — d^^f dt" + dy^f dz" — dz^f dy". We calculate using (6.21) 

(6.7) DDi.f = ^{Tip Da f) dt" A dx''^ ~ 5R(fcD/3 /) dt" A d/+ 

n{jDp Da f)dt''A dzf^ - ^{jDp Da f) dx" A dy^ + di{kDp Da f) dx'^ A dz^ - ^{Dp Da f) dy" A dz^^ 
-^iiDp Da f) dt^h dt^^lk{iDp Da f) dx"A dxl'^+^{iDp Da f) dy°'A d/+5R(iI'/3 Da f) dz°'A dzl^ 

and similar formulas hold for DDj^ and DDj^. Hence, the equivalence of ii) and iii) follows. 

The proof of the implication iii) implies i) is analogous to the proof of the corresponding impli- 
cation in Proposition 6.5. Define F(g) = f{q) + 3 J^"'^ (D/j /)(sg) g'' ds, and a small calculation 
shows that this defines an anti-regular function, i.e.. Da F ~ for every a. 

In order to see that iii) follows from i) we can proceed as in Proposition 6.5 and hence we skip 
the details. See also another proof in Proposition 6.11 □ 

Remark 6.9. We note that Proposition 6.5 and Proposition 6.8 imply that the real part of a regular 
function is not in the kernel of the operators DDj^ which is one of the main difference between 
regular and anti-regular function. 

6.2. Quaternionic pluriharmonic functions on hypercomplex manifold. We recall that a 
hypercomplex manifold is a smooth 47i-dimensional manifold M together with a triple (Ii, 12,13) 
of integrablc almost complex structures satisfying the quaternionic relations /1/2 — A = ^3- 
The second order differential operators DDj. defined in [IIP] by (6.21) having the origin in the 
papers [Sail, Sal2, CSal] play an important role in the theory of quaternionic plurisubharmonic 
functions (i.e. a real function for which DDi^{., Ig.) is positive definite) on hypercomplex manifold 
[Al, A2, V, AV, A3] as well as the potential theory of HKT-manifolds. Wc recall that Riemannian 
metric g on a hypercomplex manifold compatible with the three complex structures is said to be 
HKT-metric [HP] if the three corresponding Kahler forms ils = g{Is., ■) satisfy difli = d2^2 = ds^ls. 
A smooth real function is a HKT-potential if locally it generates the three Kahler forms, fig = DDj^ f 
[MS, GP], in particular such a function is quaternionic plurisubharmonic. The existence of a HKT 
potential on any HKT metric on H" is proved in [MS] and for any HKT metric in [BS]. 

Regular functions on hypercomplex manifold are studied from analytical point [Perl, Pcr2], from 
algebraic point [Joy, Q]. However, as we have already mentioned, regular functions are not the 
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appropriate functions for our purposes mainly because they have no direct connection with the 
second order differential operator DDj^ . 

Here we consider anti-regular functions and their real parts on hypercomplex manifold. 

Definition 6.10. Let (M, Ii, I2, 13) be a hypercomplex manifold. A quaternionic valued function 
F : M — > f + iw + ju + fciJ G H is said to be anti-regular if any one of the following relations 
between the differentials of the coordinates hold 

(6.8) df + hdw + l2du + hdv = 0. 

A real valued function f : M > R is said to be quaternionic pluriharmonic ( or Q-pluriharmonic ) 

if it is the real part of anti-regular function. 

Observe that the system (6.5) is equivalent to (6.8). We have the hypercomplex manifold analogue 
of Proposition 6.8 

Proposition 6.11. Let [M, Li, L2, 13) be a hypercomplex manifold and let f be a real- differentiate 
function on M , f : M — > M. The following conditions are equivalent 

i) f is Q-pluriharmonic, i.e. it is the real part of an anti-regular function; 
it) DDi^ ./ = 0, s = 1,2,3.; 

Proof. It is easy to verify that if each Ig is integrable almost complex structure then we have the 
identities [LIP] 

(6.9) dds-\-dsd = 0, d^d,. + dr4 = 0, .s, r = 1, 2, 3. 

Using the commutation relations (6.9), wc get readily that i) implies ii). For example, (6.8) yields 

ddif -\- £^2^3/ + d^w — d2W — dd^u -\- d2diu + dd2V + d2dv = 0, 

didf -f (^3^2/ — d\w + d^w — did2U + d^du — did^v — d^div = 0. 

Subtracting the two equations and using the commutation relations (6.9) we get DDi^f = 0. 

For the converse, observe that DDj^f = <^ ddif = l2ddif. The 99-lemma for I2 gives the 
existense of a smooth function Ai such that ddif ~ dd2Ai. Similarly, using the Poincare lemma, we 
obtain di/ — (i2^i — d-Bi = 0, ^2/ — ^3^2 — di?2 = 0, d^f — diA^ — dBs = for a smooth functions 
Ai, ^2, ^3, ^1, B2, -83. The latter implies df + ^1(^2 + Bi) + ^2(^2 - A3) + ^3(^1 - B3) = 0. Set 
w = —A2 — Bi,u ^ As — B2,v = B3 — Ai to get the equivalence between i) and ii). □ 

6.2.1. Restriction on hyper- surfaces. In this section we shall denote with (., .) the Euclidean scalar 
product in = H"+^ and with Ij, j = 1, 2, 3, the standard almost complex structures on 11"+-'^. 

Let M be a smooth hyper-surface in ]HI"+^ with a defining function p, M = {p = 0}, dp 0, and 
i : M ^ H"+^ be the embedding. It is not hard to see that at every point p E M the subspace 
Hp = 0^=1 C^p-^^) of the tangent space TpM of M at p is the largest subspace invariant under 
the almost complex structures and dimHp = An. We shall call Hp the horizontal space at p. Thus 
on the horizontal space H the almost complex structures /j, j = 1,2,3, are the restrictions of the 
standard almost complex structures on H"^^. In particular, for a horizontal vector X we have 

(6.10) ij i.,X ^ (IjX). 

Let 0^ = ij We drop the tilda in the notation of the almost complex structures when there is 
no ambiguity. 

We define three one-forms on M by setting 9^ = i*9^ = i*{Lj |^), i.e., Oj { .) = -^^^^p^ = 
( . ,ijN), where N = -j^^ is the unit normal vector to M. We describe the hypersurfaces which 
inherit a natural quaternionic contact structure from the standard structures on ]HI"+^ (sec also [Dl]) 
in the next 

Proposition 6.12. Lf AL is a smooth hypersurface o/]HI"+^ then we have 

(6.11) dei{LiX,Y) = d92iL2X,Y)^de3{L3X,Y) {X,YeH) 
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if and only if the restriction of the second fundamental form of M to the horizontal space is invariant 
with respect to the almost complex structures, i. e. if X and Y are two horizontal vectors we have 
II{IjX, IjY) = II{X,Y). Furthermore, if the restriction of the second fundamental form of M to 
the horizontal space is positive definite, II{X,X) > for any non-zero horizontal vector X, then 
{M,6, Ii, I2) is a quaternionic contact manifold. 

Proof. Let D be the Levi-Civita connection on 8"^"+^ and X, Y be two horizontal vectors. As the 
horizontal space is the intersection of the kernels of the one forms 9j we have 

(6.12) dei{hX,Y) = -ei{[hX,Y]) = -{[hX,YlhN) 

= -{Dj^^Y -DY{hX),hN) = -{Dj^^yJ.N) + {DYihX),hN) 

= {Dj^xiiiY),N) + {DYX,N) = II{hX,hY)+II{X,Y). 

Therefore dei{IiX,Y) = de2{hX,Y) iS II{IjX,IjY) = II{X,Y). 

The last claim of the proposition is clear from the above formula. In particular, gH{X,Y) ~ 
II{X, Y) is a metric on the horizontal space when the second fundamental form is positive defi- 
nite on the horizontal space and we have d9i{IiX,Y) = 2gH{X,Y). Hence, {M,r], I, J) becomes 
a quaternionic contact structure. We denote the corresponding horizontal forms with cuj, i.e., 
LO,{X,Y) = gH{IjX,Y). □ 

Let us note also that in the situation as above g = gH + "rij ® rjj is a Riemannian metric on M . In 
view of the above observations we define a QC-hypersurfacc of H"+^ as follows. 

Definition 6.13. We say that a smooth embedded hypersurface 0/ H"+^ is a QC-hypersurface if 
the restriction of the second fundamental form of AI to the horizontal space is a definite symmetric 
form, which is invariant with respect to the almost complex structures. 

Clearly every sphere in H"+^ is a QC-hypersurface and this is true also for many ellipsoids, for 
example Ylia nr~ ^ ^- iB.ct, a hypersurface of H"+^ is a QC-hypersurface if and only if the 
(Euclidean) Hessian of the defining function p is a symmetric definite matrix from GL{n -\- 1,]HI), 
the latter being the linear group of invertible matrices which commute with the standard complex 
structures on H"^"'". 

Proposition 6.14. Let i : M ^ H" be a QC hypersurface in H", / a real-valued function on M. If 
f ^ i* F is the restriction to AI of a Q-pluriharmonic function F defined on M", i.e. F is the real 
part of an anti-regular function F ~\- iW -\- jU -\- kV , then: 

(6.13) df = d{i*F)=di{i*W) + d2{i*U)+d{i*V) modr], 

(6.14) DDiJ{X,hY) = -AdF{Dp)gH{X,Y) - A{U)lo2{X,Y) 
for any horizontal vector fields X,Y £ H . 

Proof. Let us prove first (6.13). Denote with small letters the restrictions of the functions defined 
on H". For X e if from (6.10) we have 

{i*hdW){X) = {iidW){i^X) = -dW{hi^X) = -dW{i^ {h X)) = -dw{hX) = diw{X). 

Applying the same argument to the functions U and V we see the validity of (6.13). 

Our goal is to write the equation for / on M, using the fact that / = i*F. Let us consider the 
function A, A = ^^jTj^jr^, and the one-form dmP, di\jF ~ dF — Xdp. Thus the one-form df satisfies 
the equation c?/ = i*{dMF -\- Xdp) = i*((iA/-F'), taking into account that {X o i) d(p o i) — 
as p is constant on AI. From Proposition 6.8, the assumption on F is equivalent to DDj F = 0. 
Therefore, we have 

= DDj^F = diidF - i2diidF = d{iidMF + Xhdp) - i2d{hdMF + Xhdp) 
= diiduF + dXAlidp + Xdlidp - i2diidMF - i2[dXhiidp) - A/2/1 dp. 
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Restricting to M , and in fact, to the horizontal space H we find 

(6.15) = i*{DDj^F)\h= i*d{hdMF)\H + d{Xoi)Ai*{hdp)\H + {\o i)di* {hdp)\H 

- i*{i2dhdMF)\H - i*{i2{d\hhdp))\H - {Xoi)l*{hdhdp)\H. 

Since the horizontal space is in the kernel of the one-forms 6j = Ij dp\H it follows that i* (Ij dp)\H — 
0. Hence, two of the terms in (6.15) are equal to zero, and we have 

= i*{DDjJ)\^ = i*{dhdMF - i2dhdMF)\^ + {\oi)i*{dhdp - i2dhdp)^^. 

In other words for horizontal X and Y we have 

(6.16) i*{dhdMF - i2diidMF){X,IY) = -{\o i) i* {dhdp - i2dhdp){X,IY) 

The right-hand side is proportional to the metric. Indeed, recall 

i* {ijdp){X) = \dp\ej{X)dej{X,Y) = 2g(/jX,y). Hence the identity 

t*{dhdp - i2dhdp){X,Y) = 2\dp\g{hX,Y) - 2\dp\ gihhX, hY) 

= 2\dp\gihX,Y) - 2g{hXj2Y) = A\dp\ g{hX,Y). 

Let us consider now the term in the left-hand side of (6.16). Decomposing d^.jF into horizontal 
and vertical parts we write di/F = dnf + FjO^ . From the definitions of the forms 9^ we have 
/i^i = /i6i2 = gi3^ f^QiQ3 ^_o2_ Therefore 

diidnF = diidnF + dF, A hO^ + Fid(-^) + F2de^ - F^dO^ 

\dp\ 

= diiduF + dFj A he^ - \dp\-'^d\dp\ Adp + Fadfi'^ - F^dP 
i2dhdMF = 'hdhdnF + 'hdFj A /a/i^^ 

~ \dp\-^i2d\dp\hi2dp + F2i2de^ - Fj2de'^. 

From hdO'^ = —dO^, I2d0'^ ~ dO"^ and the above it follows 

i*{dhdMF - i2dhdMF\„ = DDjJ + F2de^ - F^dO^ + Fadfl^ + F3de=DDjJ + 4^2 cj^. 

In conclusion, we proved £'D/j/(X, y) = — 4(A o i) \Wp\ g{IiX,Y) — 4^2 ct;3(X, F) from where 
the claim of the Proposition. □ 

6.3. Anti-CRF functions on Quaternionic contact manifold. Let (M, i], Q) be a (4n-f 3)- 
dimensional quaternionic contact manifold and V denote the Biquard connection on AF The equa- 
tion (6.13) suggests the following 

Definition 6.15. A smooth M-valued function F : M — > H, F = f + iw + ju + fcu, is said to be 
an anti-CRF function if the smooth real valued functions f,w,u,v satisfy 

(6.17) df = diw + d2U + d^v mod rj, 
where di = o d. 

Choosing a local frame {T^, Xa = hTa, Ya = hTa, Za = hTa, Ci, 6, 6}, a = 1, . . . , n it is easy 
to check that a H- valued function F — f iw + ju + kv \s an anti-CRF function if it belongs to the 
kernel of the operators 

(6.18) Dt^ = Ta~iXa- jYa-kZa, Dt^F = 0, a=l,...n. 

Remark 6.16. We note that anti-CRF functions have different properties than the CRF functions 
[Perl, VQx2\which are defined to he in the kernel of the operator 

Drp^ = Ta + iXa + jYa + kZa, Dt^F = 0, a = 1, . . . n. 

Equation (6.17) and a small calculation give the following Proposition. 



QUATERNIONIC CONTACT STRUCTURES AND THE YAMABE PROBLEM 



37 



Proposition 6.17. A M-valued function F = f + iw + ju + kv is an anti-CRF function if and only 
if the smooth functions f,w,u,v satisfy the horizontal Cauchy-Riemann-Fueter equations 

. Taf = -XaW - YaU - Z^V, X^f = TaW + Z^U - Y^V , 

Yaf ^ —ZaW + TaU + XaV, Zaf — YaW — X^U + TaV . 

Having the quaternionic contact form 77 fixed, we may extend the definitions (6.6) of DDi- to the 
second order differential operator DDj. acting on the real-differentiable functions / : A/ ^ R by 

(6.20) DDiJ ddj + d.d^f = dd,f - I^ddJ = d{I,df) - Ij{d{hdf)). 
The following proposition provides some formulas, which shall be used later. 

Proposition 6.18. On a QC-manifold, for X,Y e H, we have the following commutation relations 
DDiJ{X,hY) - DDiJ{X,hY) = -hNi^{X, hY){f) - Ni,{I,X, I,Y){f), 

(6.21) ddjf{X,Y)+d,d,f{X,Y) = -Ni^{I,X,IiY){f), 

dd,fiX, Y) + d,df{X, Y) = Ni^ iI,X, Y)f, 

(6.22) dlf{X,Y) = -2UfU{X,Y) + 2^j{f)uj,{X,Y) + 2Uf)MX,Y), 
In particular, on a hyperhermitian contact manifold we have 

DDjJiX,I,Y) - DDj^iX,hY) - AUf)u;,iX,Y) - 4e,(/)c^j(X, F), 

(6.23) d,d,fiX,Y) + d,dJ{X,Y) = -mif)^J+iAf)^^)^ 

ddj + ddf ^ 4(^fc(/)cjj - ^jif)LJk)- 

Proof. By the definition (6.20) we obtain the second and the third formulas in (6.21) as well as 
DD,{X, Y) + {ddk - djd,){X, IjY) = -hNj^ {X, Y). The first equahty in (6.21) is a consequence of 
the latter and the second equality in (6.21). We have 

3 

djf{X,Y) = ^lAlldf){X,Y) - d{df ~Y.^s{f)ris){hX,hY) 

s=l 

which is exactly (6.22). If H is formally integrable then the formula (4.21) reduces to Ni{X,Y) = 
T"'{X,Y). The equation (6.23) is an easy consequences of the latter equality, (6.21) and (3.3) □ 

Let us make the conformal change f] = ^77. The endomorphisms li will coincide with li on the 
horizontal distribution H but they will have a different kernel - the new vertical space spanj^i , ^2 , } j 
where = 2ft.Cs + ^(V/i) (see (5.1)). Hence, for any P e T{TM) we have 

3 .3 

(6.24) UP) = Up - UP)L) = UP - ^ E^^(^)(2^^^ + 

= UP) + - Vj{P)h^h + rUP)Ij'^h}. 

Proposition 6.19. Suppose fj = -^77 are two conformal to each other structures. 

a) The second order differential operator DDj. (restricted on functions) transforms as follows: 

DDjJ - DDiJ = -2h-^df{Vh)uj, - 2h-^df{PjVh)ujk mod tj. 

If f the real part of the anti-CRF function f + iw + ju + kv then the two forms 

O,, = DDiif - + A{^jf)ujk mod 

are conformally invariant, where A = 4(Ciw + + ^3^) . 

Proof, a) For any X,Y Cz H , we compute 

d{Idf){X,Y) = X{hdf{Y)) - Y{hdf{X)) ~ hdf[X,Y] = d{hdf){X,Y) + d/(/,[x,y] - /,[x,y]) 
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Here, we apply (6.24) to get 

dihdf)iX,Y)=dihdf)iX,Y)+^{-dfiVh)L,,iX,Y)+dfihVh)uj{X,Y^^ 

Now, apply the defining equation (6.20) to get the proof of a). 

b) Assuming that / is the real part of an anti-CRF function, from part a) we have 

- = DDjJ - DDiJ - \u, + \uj, + 4^j/t^fc - 4^j7wfc mod 7? 
= -4(eiw + 6" + izv)uji - A{{Iidh)iv + {l2dh)u + {l3dh)v) ^ 

-j^g{df,dh)u.,~'^g{df,djh)wk+^{^iw + ^2U + £,zv)ui+4:g{df,djh)'^ = mod 77, 
taking into account (6.17). □ 
We restrict our considerations to hyperhermitian contact manifolds. 

Theorem 6.20. If f : M ^ R is the real part of an anti-CRF function f + iw + ju + kv on a 

(4n+ 3) -dimensional (n > 1) hyperhermitian contact manifold {M^r],Q). 
Then the following equivalent conditions hold true: 

i) The next equalities hold 

(6.25) DDi^ / = Aco, - 4^^ (/)c^fc mod rj. 
ii) For any X^Y ^ H we have the equality 

{VxdfW) + {Vi,xdf){hY) + {V i,xdf){hY) + iy i,xdf){hY) 

= A\g{X,Y) + df{X)a3{hY) + df{hX)a:i{hY) - df{hX)a3{hY) - df{hX)a3{Y) 
+ df{Y)a:i{hX) + df{hY)a3{hX) - df {hY)a3{hX) - df{hY)a:i{X). 
Hi) The function f satisfies the second order differential equations 
niDT.DrJ) ^ Xg{Tp,T^) 

(6.26) + df{\/T,T^) + d/(V/,T,/ir„) + df{Wi,T,hTc.) + df{\/j,T,hT^) 

+ df{T0)a3{hT^) + df{hTp)a3{l2T^) - df{hTp)(X3{hT^) - df {hT0)a3{Ta) 
+ df{T^)a3ihTp) + df{hT^)a3{hTp) - df{l2T^)a3h{Tp) - df{hT^)a3{Tp) 

(6.27) 1R{iDt,DtJ) = ^{Di,t,DtJ). ^{jDr^DTj) = ^{Di,t,DtJ), 
The function A is determined by 

(6.28) A = 4i^,(w)+Uu)+U^))- 

Proof. The proof includes a number of steps and occupies the rest of the section. 

i) Suppose that there exists a smooth functions w, u, v such that F = f -\- iw -\- ju -\- kv is an 
anti-CRF function. The defining equation (6.17) yields 

3 

(6.29) df ^diw + d2U + d3V + "^Uf)Vs, 

s=l 

Since dsr]t{X,Y) = 0, for s,t e {1,2,3}, X,Y e H, applying (6.22) and (2.1), we obtain from (6.29) 
{ddif - ddsu + dd2V - 2(i{w)uji - 2(2iw)uj2 - 2(3{w)u;3){X,Y) = 0, 
(did/ - did2U - did^v + 2^i{w)uji - 2Uw)uj2 - 2^3{w)uj3){X,Y) = 0, 
(^2^3/ + d2diu + d2dv - 2Ciiw)LJi + 26(u')t^2 - 26(u')t^3)(^, >") = 0, 
(^3^2/ + dsdu - d^div + 2^,{w)uj, + 2^2iw)uj2 - 2^3{w)uj3)iX,Y) = 0. 
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Summing the first and the third equations, subtracting the second and the fourth and using the 
commutation relations (6.23) we obtain (6.25) with the condition (6.28) which proves i). 
in) Equations (6.18) and (6.19) yield 

2^{Dt,DtJ) = 2iTfjT^f + XfjX^f + YfjY^f + ZpZ^f) 

i[Tp, r„] + [Xf3, x^] + [Yp, y„] + [Zp, z^])f - ([r^, x^] - [Xp, t„] + [r^, z„] - [z^, y^])w 
- {[Tp, y„] - [Xp, z^\ - [y^, r„] + {Zp, Xo)u - {{Tp, z„] + {Xp, y„] - [r^, x„] - {Zp, To\)v. 

Expanding the commutators and applying (6.17), (3.3), (3.28) and (4.24) gives (6.26). Similarly, 
one can check the validity of (6.27) 

I) <^ ii) ^ ill) The next lemma establishes the equivalence between i), ii) and iii). 

Lemma 6.21. For any X,Y Cz H on a quaternionic contact manifold we have the identity 

DDiJ{X, hY) = (yxdf)Y + {Vi,xdf)hY + {V i,xdf)hY + {V i,xdf)hX - A£,2{f)^2{X, Y) 

- dfiX)a3ihY) + df{hX)a2{hY) + df {l2X)az{hY) - df{hX)a2{IiY) 

~ df{Y)a2{hX) - df{hY)az{l2X) + df{l2Y)a2{X) + df{hY)a:i{X). 

Proof of Lemma 6.21. Using the definition and also (3.28), (3.3) and (5.4) we derive the next se- 
quence of equalities 

{ddiJ){X,Y) = -{Vxdf)(hY) + {VYdf){hX) - df{Vx{hY) - VyihX) - h[X,Y]) 
= -{Vxdf){hY) + {VYdf){hX)+a2{X)df{hY)-a^{X)df{l2Y)~a2{Y)df{hX) + a^{Y)df^^^ 
= -{Vxdf)hY + {Vj,xdf)Y - df{T{Y, hX)) 

+ a2{X)df{hY) - a:i{X)df{l2Y) - a2{Y)df{hX) + a^{Y)df{l2X). 

(6.30) DDi, f{X, hY) = (ddi, - l2ddj,)f {X, hY) 

= iVxdf)Y + {Vj,xdf)hY + (yi,xdf)hY + {V i,xdf)hX - df{T{hY, hX)) - df{TihY, hX)) 

- df{X)a^{hY) + df{hX)a2{hY) + df{hX)a^{hY) - df{hX)a2{hY) 

- df{Y)a2{hX) - df{hY)a^{hX) + df{hY)a2{X) + df{hY)a^{X). 

A short calculation using (3.3) gives df{T{hY,hX)) + df{T{hY, I3X)) ^ 4:^2if)^^2{X,Y). 
Inserting the last equality in (6.30) completes the proof of Lemma 6.21. □ 

Since the structure is hyperhermitian contact, with the help of (4.24) of Lemma 6.21 the proof 
of Theorem 6.20 follows. □ 

We conjecture that the converse of the claim of Theorem 6.20 is true. At this point we can prove 
Lemma 6.23, which supports the conjecture. First we prove a useful technical result. 

Lemma 6.22. Suppose M is a quaternionic contact manifold of dimension (4n + 3) > 7. If ip is a 
smooth closed two-form whose restriction to H vanishes, then -0 vanishes identically. 

Proof of Lemma 6.22. The hypothesis on ij: show that -0 is of the form ip = '^s A 77s, where 

(Ts are 1-forms. Taking the exterior differential and using (3.10), we obtain for AT e _ff 



= ^ dV(ea, /zCa, ^) = ^ A c^,,(ea, Irea, X) - (4n - 2)n,{X) + 2(7^(4 A) - 2(7^(7, A), 

a— 1 a— 1 s— 1 

where ei, . . . , e4„ is an orthonormal basis on H . For n > 1 the latter implies (Ts|^ = 0, s = 1,2, 3. 
Hence, we have ip = X]i<s<t< ^st Vs /^Vtj where A^t are smooth functions on A/. Now, the exterior 
derivative gives = rf?/'(ea,/sea, 6) = '^^st- □ 
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The assumption in the next Lemma is a kind of 99^f-lemma result, which we do not know how 
to prove at the moment, but we beheve that it is true. We show how it impUes the converse of 
Theorem 6.20. 

Lemma 6.23. Suppose, for i ~ 1,2, 3, DDj.f = ddif + djd/^f ~ X]s=i pI^s mod r] implies 

3 

(6.31) ddif ^ ddjAi = 2 rl LUg mod rj 

s=l 

for some function Ai on a QC manifold of dimension (4n + 3) > 7. With this assumption, if 
DDj.f = X]s=i^'s^s mod 7], i ~ 1,2, 3, then f is a real part of an anti-CRF- function. 

Proof of Lemma 6.23. Consider the closed 2-forms 

= d{d,f - d,A, - ELi rlVs)- 
We have dili = and ^i^^ = due to (6.31) and (3.1). Applying Lemma 6.22 we conclude ~ 0, 
after which the Poincare lemma yields 

dif ~ djAi — dBi — mod rj 
for some smooth functions Ai, A2, A^, Bi, B2, B^. The latter implies 

df + di{A2 + Bi) + d2{B2 - As.) + d^{Ai - Bs.) ^ mod rj. 
Setting w ~ —A2 — Si, u ~ A3 — B2, v ^ B^ — Ai proves the claim. □ 

Corollary 6.24. Let f : AI ^ W be a smooth real function on a (4-n+ 3) -dimensional (n > 1) 
3-Sasakian manifold {M, rf). If f is the real part of an anti-CRF function f -\- iw -\- ju -\- kv then: 

i) The equation (6.25) holds. 

ii) For any X,Y £ H we have the equality 

{^xdf){Y) + {^i,xdf){hY) + i,xdf){l2Y) + i,xdf){hY) = 4A.g(X,r). 
The function A is determined in (6.28). 

Corollary 6.25. Let f : G(IHI) —t^hea smooth real function on the (^n-t-3)-dimensional {n > 1) 
quaternionic Heisenberg group endowed with the standard flat quaternionic contact structure and 
{Ta, Xa, Ya, Za, a ~ 1, . . . , An} be V -parallel basis on G{M). If f is the real part of an anti-CRF 
function f + iw + ju + kv then the following equivalent conditions hold true: 

i) The equation (6.25) holds, 
ii) The horizontal Hessian of f is given by 

UTaf + XbXaf + YbYaf + Z^Z^ = A\g{n, Ta); 

Hi) The function f satisfies the following second order differential equation 

DnDr^f = Hg - i^i - - kuJz){Tb,Ta); 
The function A is given by (6.28). 

Proposition 6.2, Corollary 6.24 and Example 4.12 imply the next Corollary. 

Corollary 6.26. Let {M,r]) be a (j^n+ 3) -dimensional (n > 1) 3-Sasakian manifold, f : M —^ M a 
positive smooth real function. Then the conformally 3-Sasakian QC structrure fj = frj is qc-pseudo 
Einstein if and only if the operators DDj^f, s = 1, 2, 3 satisfy (6.25). In particular, if f is real part 
of anti CRF function then the conformally 3-Sasakian qc structure fj ~ frj is qc-pseudo Einstein. 

7. Infinitesimal Automorphisms 

7.1. 3-contact manifolds. We start with the more general notion of 3-contact manifold {M,II), 
where H is an orientablc codimcnsion three distribution on M. Let E C TM* be the canonical 
bundle determined by H, i.e. the bundle of 1-forms with kernel H. Hence, M is orientablc if 
and only if E is also orientablc, i.e. E has a global non-vanishing section voIe locally given by 
voIe = ?7i A i]2 A 773. Denote by 77 = ('71, ?72j '73) the local 1 -form with values in M.^. Clearly 
H ~ Ker rj. 
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Definition 7.1. A (An + 3) -dimensional orientable smooth manifold {M,r],H ~ Ker rf) is said to 
he a 3-contact manifold if the restriction of each 2-form drji, i ~ 1,2,3 to H is non- degenerate, i.e., 

(7.1) drj^^ A r/i A 772 A rj^ = ui voIm, Ui > 0, « = 1, 2, 3, 
and the following compatibility conditions hold 

(7.2) d7]l A dri^ A dril Arji Ar]2 A7]3 = 0, p + q + r = 2n, 0<p,q,r,<2n. 

Denote the restriction of dr]i on H by fti = {dri)\^,i — 1,2,3. The condition (7.1) is 

equivalent to 

nf'^Q, i = l,2,3, nlAVLlAni^Q, p + q + r = 2n, 0<p,q,r<0. 
We remark that the notion of 3-contact structure is slightly more general than the notion of QC 
structure. For example, any real hypersurface M in H"+^ with non-degenerate second fundamental 
form carries 3-contact structure defined in the beginning of Section 6.2.1 (cf. Proposition 6.12 and 
Definition 6.13 where this structure is QC if and only if (6.11) holds, or equivalently, the second 
fundamental form is, in addition, invariant with respect to the hypercomplex structure on H"^^). 
Another examples of 3-contact structure is the so called quaternionic CR structure introduced in 
[KN] and the so called weak QC structures considered in [Dl]. Note that in these examples the 
1-form rj = (rji, 772, 773) are globally defined. 

On any 3-contact manifold {AI,ij,H) there exists a unique triple (^i,'C2,'?3) of vector fields 
transversal to H determined by the conditions 

V^{^j)=S^j, (^,jdry,)|„ = 0. 
We refer to such a triple as fundamental vector fields or Reeb vector fields and denote V = 
span{£,i,^2,£,3}- Hence, we have the splitting TM = H (BV. 

The 3-contact structure (77, H) and the vertical space V are determined up to an action of 
GZ/(3,R), namely for any GL{3,M.) matrix $ with smooth entries the structure $ • is again a 
3-contact structure. Indeed, it is an easy algebraic fact that the conditions (7.1) and (7.2) also 
hold for $ • 77. The Reeb vector field are transformed with the matrix with entries the adjunction 
quantities of <t>, i.e. with the inverse matrix This leads to the next 

Definition 7.2. A diffeomorphism (j) of a 3-contact manifold {M,7],H) is called a 3-contact auto- 
morphism if (f> preserves the 3-contact structure rj, i.e., 

(7.3) (/)*r7 = $ • 77, 

for some matrix $ G GL(S,M) with smooth functions as entries and rj = (771,772,773)* is considered 
as an element ofM.^. 

The infinitesimal versions of these notions lead to the following definition. 

Definition 7.3. A vector field Q on a 3-contact manifold {M,rj,H) is an infinitesimal generator of 
a 3-contact automorphism (3-contact vector field) if its flow preserves the 3-contact structure, i.e. 

LQrj = <l>-i^, <l> ^ gl{'i,^). 

We show that any 3-contact vector field on a 3-contact manifold depend on 3-functions which 
satisfy certain differential relations. We begin with describing infinitesimal automorfisms of the 
3-contact structure 77 i.e. vector field Q whose flow satisfies (7.3). Our main observation is that 3- 
contact vector fields on a 3-contact manifold arc completely determined by their vertical components 
in the sense of the following 

Proposition 7.4. Let (M,ri,H) he a 3-contact manifold. A smoth vector field Q on M is 3-contact 
vector field if and only if the functions fi ~ TjilQ), z = 1, 2, 3 satisfy the next compatihility conditions 
on H 

Mdf, + m.^dnO + /,(^,.^d77,))|„ A "-^)) = 

u,idf,+fki^k^d7^J) + f^i^^^df^J))\^Anf''-'^) on H. 
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The 3-contact vector field Q has the form 

where Qh is the horizontal 3-contact hamiltonian field of (/i, /2, /a) defined on H by 

(7.5) Qh^Vi^O, QhA^i) = -dfi - fji^jjdrii) - fk(ik^drii), 1,2,3, on H. 

Proof. For a vector field Q e T{TM) we write Q = Qh + Ss=i Vs{Q)^s where Qh G is the 
horizontal part of Q. Applying (3.10), we calculate 

(7.6) Hq r]i = Q^dr^i + d{Qjr]i) = 

Qh^^i + [d[rii{Q)) + rii{Q)(_i_sdi]i + rij{Q)^jjdr]t + rik{Q)£,k^dT]i\\H 

+ [S.i{'rii{Q)) - l]{Q)dr^i{£.i,S.j) - 'nk{Q)dr]i{S,^,£,k)\rii 

+ fe('7.(Q)) + dii,{Q,^j)]iij + [S,k{m{Q)) + dTi,{Q,ik)]r]k- 

Suppose Q is a 3-contact vector field. Then (7.6) and the compatibility conditions (7.2) imply that ft 
and Qh necessarily satisfy (7.4) and (7.5), respectively. Therefore Qh = Qh- The converse follows 
from (7.6) and the conditions of the proposition. □ 

The last Proposition implies that the space of 3-contact vector fields is isomorphic to the space of 
triples consisting of smooth function /i, /2, /a satisfying the compatibility conditions (7.4). 

Corollary 7.5. Let [M, rj) be a 3-contact manifold. Then 

a) If Q is a horizontal 3-contact vector field on M then Q vanishes identically. 

b) The vector fields S,i,i — 1, 2, 3 are 3-contact vector fields if and only if 

^t^dr]j\H^O, = 1,2,3. 

7.2. QC vector fields. Suppose {M,g,<Q) is a quaternionic contact manifold. 

Definition 7.6. A diffeomorphism 4> of a QC manifold [M, [g],Q) is called a conformal quaternionic 
contact automorphism (conformal qc-automorphism) if (j) preserves the QC structure, i.e. 

for some positive smooth function /i and some matrix G S0{3) with smooth functions as entries 
and rj = (?/i, ?/2, ^73)* is a local 1-form considered as an element o/M'^. 

In view of the uniqueness of the possible associated almost complex structures, a quaternionic 
contact automorpism will preserve also the associated (if any) almost complex structures, </)*Q = 
Q and consequently, it will preserve the conformal class [g] on H . We note that conformal QC 
diffeomorphisms on S^""*"^ are considered in [Kam]. The infinitesimal versions of these notions lead 
to the following definition. 

Definition 7.7. A vector field Q on a QC manifold {M,[g\,Q) is an infinitesimal generator of a 
conformal quaternionic contact automorphism ( QC vector field for short) if its flow preserves the 
QC structure, i.e. 

(7.7) £q 77 =(:// + O) • 77, 
where v is a smooth function and O G so{3). 

In view of the discussion above a QC vector field on a QC manifold {M, rj, Q) satisfies the condi- 
tions. 

(7.8) Lqg^vg, 

(7.9) LqI^O-I, Ogso(3), I^{h,h,h)\ 

If the fiow of a vector field Q is a conformal diffeomorphism of the horizontal metric g, i.e. (7.8) 
holds, we shall call it infinitesimal conformal isometry. If the fimction 1/ = then Q is said to be 
infinitesimal isometry. 
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A QC vector field on a QC manifold is a 3-contact vector field of special type. Indeed, let jj be 
the musical isomorphism between T* M and TM with respect to the fixed Riemannian metric g on 
TM and recall that the forms aj were defined in (3.29). We have 

Proposition 7.8. Let (M,g,Q) be a quaternionic contact manifold. The vector field Q is a QC 
vector field if and only if 

1 ^ 

(7.10) Q = -{fjhal - fkha] - I,{df,f) + 

for some functions /i,/2 and f^ such that for any positive permutation (i,j,k) of (1,2,3) we have 

(7.11) /,d^.(0,^.)+ /fe%(a,eO + 6/. = fkdvji^k,^j)+ f^dv,{^uQ + 6/, 

(7.12) /.d77,(e„e,)+ /fcd77,(&,e,) + 0/.= ~ fJdv,{^J,^^) - fkdr^,{^k,^^) - 

(7.13) fjhiak)^ - fkh{a,f - 1^0 = Uh{a,f - f,Ik{a,)^ - h{dfkf 
Proof. Notice that (7.10) implies fi = rii{Q). By Cartan's formula (7.7) is equivalent to 

Q^dr^i + dfi = V1■]^ + Oisr]s- 

In other words, both sides must be the same when evaluated on ^t, t = 1,2,3 and also when restricted 
to the horizontal bundle. Let Q = Qh + X]s=i fs^s- Consider first the action on the vertical vector 
fields. Pairing with and taking successively t = i,j, k gives 

fjdVi{(,j,£,i) + fkdr]i{£,k,£,i) + £,ifi = + ou 

(7.14) akiQH) + .f, dT],{£.,,£,j)+ fkdi],{^k,ij) + £.j f^ = o,^ 
~aj{QH) + fidr]i{£,i,^k) + fj dr]^{^j,£,k) + £,k fi = Oik- 

Equating the restrictions to the horizontal bundle, i.e., drji{Q, .)\h + d/ili/ ~ 0, gives 

(/,d7?,(^„.) + fkdrni^k,.) + dn,{QH,.) + df^\H = 0. 

Since g{A, .)\h = ^ A = X]s=i '7s(^)Csi the last equation is equivalent to 

3 

(7.15) -^fA + fka] - 2I,Qh + (4f.)" = E(-/j"''(^^) + + ^-/O^s- 

Acting with /; determines 2Qh ~ fjli{ak)'^ — fkhio-j)'^ — Ii{dfi)\ which imphcs (7.10). In 
addition we have 

^AQh) = \{ha,{h{akf) - fka,{h{a,)^) - a,{U{df,)^)) 

On the other hand, o G so(3) is equivalent to o being a skew symmetric which is equivalent to 
(7.11) and (7.12), by the above computations. Therefore, if we are given three functions /i, /2, fz 
satisfying (7.11), (7.12) and (7.13), then we define Q by (7.10). Using (7.14) we define v and o with 
o G so(3). With these definitions Q is a QC vector field. □ 

Using the formulas in Example 4.13 we obtain from Proposition 7.8 the following '3-hamiltonian' 
form of a QC vector field on 3-Sasakian manifold. 

Corollary 7.9. Let (M, 77) be a 3-Sasakian manifold. Then any QC vector field Q has the form 

= 0h + /i6 + .M2 + M3, 

where the smooth functions /i,/2,/3 satisfy the conditions 

d^f^^d,f„ e«(/0=O(/j), 6(/,) = -ej(/.), = 1,2,3, 

and the horizontal part Qh ^ H is determined by 

Qh^dj], = difi, i e {1,2,3}. 



44 



STEFAN IVANOV, IVAN MINCHEV, AND DIMITER VASSILEV 



The matrix in (7.7) has the form 

^^/d3+0= ei(^?2(Q)) + 2r?3(Q) ii{m{Q)) -Um{Q))-^vi{Q) 

+ 2771(g) 6(r/i(g)) 

In particular, the Reeb vector fields ^1,^27^3 oJ^e 3-contact vector fields. 

Corollary 7.5 tells us that on a QC manifold the Reeb vector fields ^1,^2,^3 are 3-contact exactly 
when the connection 1-forms vanish on H. This combined with Corollary 4.17 gives 3-Sasakian 
structure compatible with the given 3-contact structure H, if the qc-scalar curvature is not zero (see 
Corollary 7.14 below). 

First we shall investigate some useful properties of a QC vector field. 

Proposition 7.10. Let {M, [g],^) be QC manifold and Q be a QC vector field determined by (7.7) 
and (7.14). The next equality hold 

dr,,i[Q, hX]^,Y) + dr,,{hX, [Q, Y]^) = 

Proof. We have using (7.7) that 

(7.16) liQdT^,{hX,Y) = 2{fiQLu,){hX,Y) - drj,{[Q,I,X]^,Y) - d7j,{I,X, [Q,Y]^) 

= -2(£q g)iX, Y) + 2g{{LQ h)hX, Y) - d7y,([Q, hX]^,Y) - dr]^iI^X, [Q, Y]^) 
= (dZQ rii)(IiX, Y) = {dv A 77.4 + vdrji + doij A 77-, + Oijdrij + doik A 77^ -f Oikdrik){IiX, Y) 

= -2ug{X,Y) - 2o,jLUk{X,Y) + 2o,kUJj{X,Y), 

where Ost are the entries of the matrix O given by (7.14). Apply (7.8) and (7.9) to (7.16) to get the 
assertion. □ 



We are going to characterize the vanishing of the torsion of the Biquard connection in terms of 
the existence of some special vertical vector fields. More precisely, we have the following Theorem. 

Theorem 7.11. Let (M,g,Q) be a QC manifold with non zero qc-scalar curvature. The following 
conditions are equivalent 

i) Each Reeb vector field is a QC vector field; 
ii) The torsion of the Biquard connection is identically zero; 

Hi) Each Reeb vector field preserves the horizontal metric and the quaternionic structure simul- 
taneously, i.e. (7.8) with v ~ and (7.9) hold for Q = fi, z = 1, 2, 3; 
iv) There exists a local 3-Sasakian structure in the sense of Theorem 1.3 

Proof. In the course of the proof we shall prove two Lemmas of independent interest. Given a vector 
field Q, we define the symmetric tensor Tq and the skew-symmetric tensor uq 

3 3 
(7.17) TO ^ Y.'^s{Q)Tl, UQ = Y.'^,{Q)I,u, 

s=l s=l 

respectively, such that, T{Q,X,Y) = g{T^X,Y) + g{uQX,Y), 

Lemma 7.12. The tensors Tq and uq lie in the [—1] component associated to the operator \ cf. 
(2.3) and (2.2). 

Proof of Lemma 1.12. By the definition of uq, we have (7(itQ/iX, /i^) = ^^^j^ 77s(Q) ^(/suX, 1") 
and after summing we find 

T.]^,g{uQl,X,I,Y) =T.]=iriAQ)9{I,uX,Y) = -g{uQX,Y). 



QUATERNIONIC CONTACT STRUCTURES AND THE YAMABE PROBLEM 



45 



We turn to the second claim. Recall that T^, anti-commutes with Ij, see (2.8). Hence, 

giT^hX,hY) = -7niQ)g{TlX,Y)- m{Q)[giTl~"+X,Y) -giTl+—X,Y)] 

V3{Q)[g{Tl-+-X,Y) -g{Tl+-X,Y)], 
g{T^hX,hY) = ~V2{Q)9{TlX,Y)- r?i(Q) [.g(T|^ ^ +X, F) - g{Tl-+- X,Y)] 

- V3{Q)[9{Tl+-X,Y) -g{Tl-+-X,Y)l 
g{T°hX,hY) = -Tj,(Q)g[Tl^X,Y)- 7?i(Q) [.g(T° F) -g{Tl—+X,Y)] 

- miQ)[9{Tl+-X,Y) -g{Tl-+X,Y)]. 

Summing the above three equations we come to 

3 3 

^.g(TO/,X,/,y) ^ ^Y.9iQ^Q9{TlX,Y) = -g{T^X,Y), 

which finishes the proof of Lemma 7.12. □ 

Lemma 7.13. If Q is an infinitesimal conformal isometry whose flow preserves the quaternionic 
structure then the next two equalities hold 

(7.18) giVxQ.Y) + g{VYQ,X) + 2g{T^QX,Y) ^ u g{X,Y), 

3 

(7.19) 3g(Vjf Q, Y) diSi^xQ, hY) + ^g{T^QX, Y) + Ag(uQX, Y) = -2^, (Q)^fc(^, Y), 

where the sum is over all even permutation of (1,2,3) and 

(7.20) Uj{Q) = -L,,(Q) = iMQ)) - ilj{Q)dTiM,,£,,) 

1 f iScQjI 

Proof of Lemma 7.13. In terms of the Biquard connection (7.8) reads exactly as (7.18). Furthermore, 
from (7.9), (7.14) and (3.28) it follows 

(7.21) o,jI,X + o.khX = {!iQh){X) = 

- -V/.xQ +hVxQ-aj{Q)hX + ak{Q)IjX- T{Q,hX) + hT{Q,X). 
A use of (7.14), (3.29) and (3.30) allows us to write the last equation in the form 

g(yxQ,Y) - giVi^xQ,hY)+ T{Q,X,Y) - T{Q,hX,hY) 

= (o„- - ak{Q))uJk{X, Y) - {o^k + aj{Q))ujj{X, Y) 

= ~U,{Q)LOk{X, Y) + Uk{Q)LOj{X,Y), 

where Lij(Q) satisfy (7.20). Summing the above identities for the three almost complex structures 
and applying Lemma 7.12, we obtain (7.19), which completes the proof of Lemma 7.13. □ 

We are ready to finish the proof of Theorem 7.11. Let £^i,i ~ 1,2,3 be QC vector fields. Then 
(7.18) for Q = yields T^. = 0,i = 1,2,3, i/ = since T^. is trace-free. Consequently, for any 
cyclic permutation {i,j,k) of (1,2,3), (7.19) and (7.20) imply 

=0, dr;,(e„e,) = 0, d^.(e,,a-) = 4a% 
by comparing the trace and the trace-free part. Hence ii) follow. 

Conversely, if the torsion of the Biquard connection vanishes, then (7.18) is trivially satisfied for 
1/ = and (7.21) yields (7.9) with Oy = at- This estabhshes the equivalence between ii) and iii). 

The other equivalences in the theorem follow from Theorem 1.3, Example 4.12, Corollary 7.5 and 
Corollary 4.17. □ 
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Corollary 7.14. Let {M,g,Q) be a QC manifold with non zero qc-scalar curvature. The following 
conditions are equivalent 

i) There exists a local 3-Sasakian structure compatible with H = Ker rj; 
ii) There are three linearly independent transversal QC-vector fields. 

Proof. Let 71,72,73 be linearly independent transversal QC-vector fields. Then there exist 1-forms 
Vii 7 ^72 : Vys satisfying rj-y. (7^ ) ~ Sij , where Sij is the Kroneker symbol. In view of the proof of 
Theorem 7.11 it is sufficient to show 71,72,73 are the Reeb vector field for 77^, i.e. we have to show 
that the compatibility conditions (2.5) are satisfied. Indeed, the fact that ji,i = 1,2,3 are QC 
vector fields means that (7.7) hold with respect to rj^y. Then (7.14) gives 1/ = and the second line 
of (7.6), for riy and Q — jiji ~ 1, 2, 3, imply (2.5) for the structm-e r;^. Theorem 7.11 completes the 
proof. □ 

In the particular case when the vector field Q is the gradient of a function defined on the manifold 
M, we have the following formulas. 

Corollary 7.15. If h is a smooth real valued function on M and Q = V/i is a QC vector field, 
then for any horizontal vector fields X and Y we have 

a) [ (Vd/i)][3][o](X,y) = 

b) [ vd/i][,^™][_i](x,y) = -r3(x,y) ( c/. (7.17) ) 

c) UQiX,Y) - ( c/. (7.17)), Ly(V/i) = 0. 

Proof Use (7.18) and (5.4) to get 2Vd/i(X,r) + 2dh{^j) ujj{X,Y) + 2g{T^X,Y) = i^g{X,Y). 
Decomposing in the [—1] and [3] components completes the proof of a) and b), taking into account 
(7.19) and Lemma 7.12. The skew-symmetric part of (7.19) gives 2uq + J2(ijk) Lij{'^h)ujk = 0, 
where the sum is over all even permutations of (1,2,3). Hence, c) follows by comparing the trace 
and trace-free parts of the last equality. □ 



8. QUATERNIONIC CONTACT YAMABE PROBLEM 

8.1. The Divergence Formula. Let (M, rj) be a quaternionic contact manifold with a fixed glob- 
ally defined contact form rj. For a fixed j G {1, 2, 3} the form Volrj = ?7i A 7^2 A 773 A is a volume 
form and is independent of j. We define the (horizontal) divergences of a one-form cr e (H) by 
the formulas 

4n in 

(8.1) V*a = -^(Ve„a)(e„), a = - ^(Ve„a)(/,,e„), s== 1,2,3. 

a— 1 a— 1 

It is justified to call the functions V* ct, V*(T divergences of cr in view of the following Proposition. 

Proposition 8.1. Let {M,ri) be a quaternionic contact manifold of dimension (4-n+3). Let rj A 

any horizontal 1-form cr S (H) , we have 

a) d {<T /\ ri /\ ujf'-'^) = da /\7]/\Ljf"-'^,s^ 1,2,3; 

b) da A T] A Lu'^,"-^ = - (V*cr) 7] A s = 1,2,3; 

c) dia*j{Volr,)) = i\7*a)rjAuj'^" . 

Therefore, if M is compact, 

[ (V*cr)7yAtj2" = 0, / (V»7]Atj2" = 0, 5 = 1,2,3. 

Proof, a) Without loss of generality we can assume 5 = 1. Taking the exterior derivative, we obtain 

d (ct AyyAwf""^) = da A t] A ivl""^ - ct A dryi A 772 A 773 A wf""^ 

-I- CT A ?7i A (i?72 A ?73 A wf'"-^ - a A rji A r]2 A drj^ A uj'^"'^^ + a A rj A diol'^^^ , 
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SO we have to show that all except the first term in the right-hand side are equal to zero. Since 
^jujj = and ^jtr = for ^ G V", it follows a AdrjiA i]2 A 773 A tjj"^^ = cr A 771 A (^772 A 773 A ujf^^^ = 
(7 A 7/1 A 772 A dr]3 A ujI""^^ = 0. Turning to the last term, wc observe that 

duji = -dr-i2 A iS.2-idT]i) - dri3 A {^^jdrji) mod (7^1, 772,7^3), 

hence 2dLUi\H = —(^2 A {^2-'dvi) ^ ^3 A {^^jdrii). Therefore 

-2a A T] A duJi A ujI"^'^ = fj A 77 A W2 A (C2-irf?7i) A + cr A 77 A W3 A (^3jd7/i) A 

Since a;2, ^36 A^;° + A";^ we conclude cr A a;2 A w^""^ = ^^^^^^2,1-2 ^ on i?. 

b) The exterior derivative of cr is expressed in terms of the Biquard connection as 

da{ea,ep) = {Ve^cr){ef3) - (Ve„cr)(eQ) + a{T{ea, ep)). 

Recalling that for the Biquard connection the torsion of two horizontal vectors is a vertical vector, 
r(eQ, €/}) S 1/, we see that dcr(eQ,e^) = (Ve^cr)(e^) — (Ve^cr)(eQ). The latter, applied to the 
formula da Arj A —< da,ujs > A 77 A shows the validity of b). 

c) The formula in c), essentially proved in [[W], Proposition 2.1], can be checked following the 
classical scheme (see e.g. [Wu]) applying the arguments used in the proof of a) and b). □ 

8.2. Partial solutions of the QC-Yamabe problem. In this Section we shall present a partial 
solution of the Yamabe problem on the quaternionic sphere. Equivalently, using the Cayley transform 
this provides a partial solution of the Yamabe problem on the quaternionic Heisenberg group. The 
extra assumption under which we classify the solutions of the Yamabe equation consists of assuming 
that the "new" quaternionic structure has an intcgrable vertical space. The change of the vertical 
space is given by (5.1). Of course, the standard quaternionic contact structure has an intcgrable 
vertical distribution. A note about the Cayley transform is in order. We shall define below the 
explicit Cayley transform for the considered case, but one should keep in mind the more general 
setting of groups of Heisenberg type [C'DKR 1]. In that respect, the solutions of the Yamabe equation 
on the quaternionic Hesenberg group, which we describe, coincide with the solutions on the groups 
of Heisenebrg type [GVl]. 

As in Section 5 we are considering a conformal transformation 77 = where 77 represents a 
fixed quaternionic contact structure and 77 is the "new" structure conformal to the original one. In 
fact, in this section 77 will stand for the standard quaternionic contact structure on the quaternionic 
sphere. The Yamabe problem in this case is to find all structures 77, which are conformal to 77 and 
have constant scalar curvature equal to 1671(71 + 2), see Corollary 4.13. The Yamabe equation is 
given by (5.8) and the problem is to find all solutions of this equation. 

Proposition 8.2. Let {AI,fj) be a compact qc-Einstein manifold of dimension (477 + 3). Let fj = ^77 
he a conformal deformation of the qc- structure fj on M . Suppose rj has constant scalar curvature. 

a) If n > 1, then any one of the following two conditions 

i) the vertical space of rj is intcgrable; 

ii) the QC structure rj is qc-pseudo Einstein; 
implies that 7/ is a qc-Einstein structure. 

b) If n = \ and the vertical space of rj is intcgrable than rj is a qc-Einstein structure. 

Proof. The proof follows the steps of the solution of the Riemannian Yamabe problem on the stan- 
dard unit sphere, see [LP]. Theorem 1.3 tells us that 77 is a qc-Einstein structure. Theorem 3.12 and 
equations (5.7), (5.5), and (5.6) imply 

(8.2) [i?7Co][_i](Y,y) = (277 + 2)T°(Y,Y) = -{2n + 2)h-\V dh\,y„,^^^^^{X,Y) 

(8.3) [ffico][3](A:,y) = 2(277 + 5)C/(Y,r) = -{2n + b)h-^[\Idh-2h-^dh®dh\^-^^Q}{X,Y). 
Furthermore, when the scalar curvature of 7; is a constant then Theorem 4.8 gives 

(8.4) V*T° = (77 + 2)A, V*C/=-^^^A. 
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If either the vertical space of 77 is an integrable distribution or 77 is qc-pseudo Einstein then (8.4) 
together with Proposition 6.2 show that the divergences of T*' and U vanish 

V* r° = and V* [/ = 0. 

We shaU see that in fact T° and U vanish, i.e., rj is also qc-Einstein. Consider first the [—1] 
component. Taking norms, multiplying by h and integrating, the divergence formula gives 

^ h\[RiCo][-i] pyyAc^^" = {2n + 2) J {[RiCo\[.^,Vdh]) i] A lj^" 

= (2n + 2) / (V* [i?ico][_i],V/i])r/Aw^" = 0. 
Jm 

Thus, the [—1] component of the qc-Einstein tensor vanishes | [RiCo][^i] I = 0. Define h = 
inserting (6.2) into (8.3) one gets 

[ffico][3] - 2(2n + 5)f/ = -(2n + 5)[Vd?/][3][o], 
from where, arguing as before we get [-Rico][3] — 0- Theorem 1.3 completes the proof. □ 

Corollary 8.3. Let fj ~ -^rj he a conformal deformation of a compact qc-Einstein manifold of 
dimension [An + 3) and suppose fj has constant qc-scalar curvature. 

i) If n > 1 and either the gradient V/i or the gradient V(-^) is a QC vector fields then h is a 
constant. 

a) If n = 1 and the gradient V(-^) is a QC vector fields then h is a constant. 

Proof. Suppose Vft- is a QC- vector field. Corollary 7.15, b) yields [V(i/i][5j,m][-i] = since the torsion 
of Biquard connection vanishes due to Proposition 4.2. Then Proposition 8.2 and a) in Corollary 7.15 
imply that on H we have 

dh® dh + dih ® dih + c?2^ ® c^2^ + d^h (g) d^h = -^^77-5. 
If n > 1 then dh^n ~ 0, which implies dh = using the bracket generating condition. 

Suppose V(|-) is a QC vector field. Then Proposition 8.2, (6.2) combined with b) in Corollary 7.15 
show that on H we have 

3dh ® dh — dih ® dih — d2h (g) d2h — d^h (g) ^3/1 = 0. 
Define X = IiX,Y = IiY etc. to get dh ® dh = dih (g dih = d2h g) ^2/1 = d^h g) d^h. Hence, 
dh\H — since dim Kerdh = An — 1 and dh — as above. □ 

8.3. Proof of Theorem 1.2. 

Proof. We start the proof with the observation that from Proposition 8.2 the new structure rj is also 
qc-Einstein. Next we bring into consideration the quaternionic Heiscnberg group. Let us identify 
G (H) with the boundary S of a Siegel domain in H" x EI, 

S = {{q',p') xm : ^p' = Igf}, 

by using the map (g', lo') i-^ (g', — cj'). The standard contact form, written as a purely imaginary 
quaternion valued form, is given by (cf. (5.13)) 26 = {duj — q' -dq' + dq' -q'), where • denotes 
the quaternion multiplication. Since dp' = q' ■ dq' + dq' ■ q' — dio' , under the identification 
of G (H) with E we have also 28 = —dp' + 2dq' ■ q' . Taking into account that 8 is purely 
imaginary, the last equation can be written also in the following form 

48 = (dp' - dp') + 2dq'-q' - 2q' ■ dq' . 

Now, consider the Cayley transform as the map C : S t-^ H from the sphere 5* = {\q\^ + \p\^ = 
1} C H" X H minus a point to the Heisenberg group E, with C defined by 

iq',p'} = e ((g,p)), q' = (l+p)-N, P' = {I+P}-' (I-P) 

and with an inverse map {q,p) — G^^ (^{q' ,p')j given by 

2q = (l+p') q', p = {1+p'r' (l-p'). 
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The Cayley transform maps S minus a point to S since 



3? 



1-H 



19 



'|2 



|l+p|2 

Writing the Cayley transform in the form = q, {1 + p)p' = 1 — p, gives 

dp ■ q' + {I + p) ■ dq' = dq, dp ■ p' + {1 + p) ■ dp' — —dp, 

from where we find 

dp' = -2{1 + p)~^ ■ dp ■ {1 + py^ 



(8.5) 



dq' = (l+p)-'-[dq - dp-{l+p)-^ -q]. 



The Cayley transform is a conformal quatcrnionic contact diffeomorphism betwen the quaternionic 
Heisenberg group with its standard quaternionic contact structure Q and the sphere minus a point 
with its standard structure fj, a fact which can be seen as follows. Equations (8.5) imply the following 
identities 

(8.6) 2e*e ^ -{1 + p)-^ -dp-ii+p)-^ + (1 + p)-^ ■ dp ■ {1 + p)-^ 

+ (l+pr^dq - dp-{l+p)-^ ■q]-q-{l+p)-' 
- {l+p)-U-[dq - q-{l+pr' ■dp]-{l+pr' 

- {l+p)-'[dp-{l+p)-' -{l+p) - \q{'dp-{l+p)-']{l+p)-' 
+ {l+p)-'\-{l+p)-{l+pr'-dp + \q\^{l+p)-'dp]{l+p)-' 



dq ■ q — q ■ dq 



{i+py 



\i+p\ 



A 77 A, 



where A — \1 +p\{l +p) ^ is a unit quaternion and fj is the standard contact form on the sphere, 
(8.7) fj = dq - q + dp ■ p — q ■ dq — p ■ dp. 

Since |1 +p| = \i1pi\ have A = , j^^, , equation (8.6) can be put in the form 



A fi - A 



\l+p 



1 12 



e. 



We see that up to a constant multiplicative factor and a quaternionic contact automorphism the 
forms {Q~^)*fi and Q are conformal to each other. It follows that the same is true for (C~^)*?7 and 

e. 

In addition, Q is qc-Einstein by definition, while 77 and hence also (C^^)*?? are qc-Einstein as we 
observed at the beginning of the proof. Now we can apply Theorem 1.1 according to which up to a 
multiplicative constant factor the forms (C~^)*77 and (C^^)*77 are related by a translation or dilation 
on the Heisenebrg group. Hence, we conclude that up to a multiplicative constant, 77 is obtained 
from 77 by a conformal quaternionic contact automorpism, sec Definition 7.6. □ 



Let us note that the Cayley transform defined in the setting of groups of Heisenberg type is also a 
conformal transformation on H , see cf. [ACD, Lemma 2.5]. One can write the above transformation 
formula in this more general setting. 
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